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THE  LAMBDA  INVARIANTS  AT  CM  POINTS 


TONGHAI  YANG,  HONGBO  YIN,  PENG  YU 


Abstract.  In  the  paper,  we  show  that  A(zi)  — A(z2)j  A(zi)  and  1  — A(zi)  are  all  Borcherds 
products  in  X{2)  x  X{2).  We  then  use  the  big  CM  value  formula  of  Bruinier,  Kudla,  and 
Yang  to  give  explicit  factorization  formulas  for  the  norms  of  1  —  and 

A(rfi+^\/^)  _  latter  under  the  condition  (^1,^2)  =  1.  Finally,  we  use 

these  results  to  show  that  is  always  an  algebraic  integer  and  can  be  easily  used  to 

construct  units  in  the  ray  class  field  of  Q(-\/d)  of  modulus  2.  In  the  process,  we  also  give 
explicit  formulas  for  a  whole  family  of  local  Whittaker  functions,  which  are  of  independent 
interest. 
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1.  Introduction 


It  is  well-known  that  the  CM  value  j(r)  of  the  j-invariant  at  a  CM  point  r  is  always 
integral.  What  about  the  A- invariants  on  the  modular  curve  A  (2)?  Actually,  there  are  six 
of  them,  satisfying  the  equation  over  Q(j) 


(1.1)  /(A.  J)  =  (1  -  A  +  -  Xx\l  -  Xf  =  0. 

The  group  SL2(Z)/r(2)  =  S'3  acts  on  these  roots  simply  transitively.  The  standard  choice 

is 


(1.2) 


A(t) 


m 

n>l 


1  —  g"'  2 
1  +  g” 


g  =  e(r)  = 
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The  other  hve  roots  of  (11.11)  are  1  —  A,  j,  and  all  with  similar  product 

formulas.  For  an  imaginary  quadratic  field  k  =  Q(\/d)  and  a  positive  integer  N,  let 
CM(fc,  A^)  be  the  set  of  CM  points  r  G  Y{N)  =  r(A^)\]HI  such  that  the  associated  elliptic 
curve  Et-  =  E-ji^  +  Zr)  has  CM  by  For  every  CM  point  r  G  CM(fc,  2),  fll.ll)  implies 
that  A(r)  is  integral  away  from  2.  The  following  examples 


H ^ - )  = - ^ - and  A( - - - ) 


l  +  3^/^ 

32 


show  that  whether  A(r)  is  integral  might  not  be  a  trivial  question.  Our  first  main  result 
indicates  that  the  standard  choice  of  A(r)  might  be  the  best  choice  for  the  CM  point 


Theorem  1.1.  Let  d  <  0  be  a  fundamental  discriminant  of  an  imaginary  quadratic  field 
k  =  Q{'/d).  Then  Aq  =  is  an  algebraic  integer.  Moreover, 

(1)  When  d  =  5  (mod  8),  both  Aq  and  1  —  Aq  are  units. 

(2)  When  d  =  A  (mod  8),  Aq  is  a  unit. 

(3)  When  d  =  0  (mod  8),  1  —  Aq  a  unit. 

(4)  When  d  =  1  (mod  8),  is  a  unit. 

The  case  d  =  5  (mod  8)  is  relatively  straightforward  as  one  can  prove  that  [Q(Ao)  : 
Q(jo)]  =  6  with  jo  =  The  other  cases  are  quite  subtle.  When  d  ^  5  (mod  8), 

Aq  is  of  degree  2  over  Q(jo)  and  its  Galois  conjugate  may  be  1  —  Aq,  or  but  it  is 

highly  non-trivial  to  determine  which  one  is  its  Galois  conjugate  in  each  individual  case. 
The  key  technical  result  to  prove  the  above  theorem  is 

Proposition  1.2.  The  Galois  conjugate  of  Xq  over  Q{jo)  is  1  —  Xq,  ^  or  according 
to  d=  1,  A  or  0  (mod  8) . 


The  way  we  prove  this  proposition  is  to  use  the  following  norm  formulas.  Notice  that 
Galois  conjugates  have  to  have  the  same  norm. 

Proposition  1.3.  We  have  the  following  norm  formulas  for  Aq  =  with  d  <  —A. 

Here  h  is  the  class  number  of  k  =  Q{\/d). 


Table  1.  |N(A)| 


d  (mod  8) 

0 

1 

4 

5 

|N(Ao)| 

1 

1 

|N(l-Ao)| 

1 

2^^ 

1 

|N(l/Ao)| 

1 

1 

|N(Ao/(Ao-l))| 

1 

1 

This  proposition  is  a  bi-product  of  the  original  purpose  of  this  paper:  a  factorization 
formula  for  |  N(A(^iA2/S)  _  similar  to  the  beautiful  factorization  formula  of 

singular  moduli  of  Gross  and  Zagier  (|GZ85]). 
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Theorem  1.4.  Let  kj  =  Q(a/^)  with  ring  of  integers  Odj  =  with  Tj  =  —  ^ 
j  =  1,2.  Let  Wj  be  the  number  of  roots  of  unity  in  kj,  and  let  hj  =  h{kj)  be  the  elass 
number  of  kj.  Let  E  =  Q{\fd^,  V^)  F  =  Q{\/D)  with  D  =  did2.  For  an  ideal  a  of  F, 
let  Pe/f{.^)  be  the  number  of  integral  ideals  of  E  with  relative  norm  a,  and  let  x  =  Xe/f  be 
the  guadratie  Hecke  charaeter  of  F  associated  to  E/F.  Let  c{t)  =  {di+d2)  _  ^ 

Assume  that  {di,d2)  =  1.  Then 

(1)  When  di  =  d2  =  5  (mod  8), 


log|N(A(ri)  -  A(r2))| 

^  ^  (1  +  p,,,Hipp-^)|ogN(p), 

^—m+EE^Qp  xb/f(p)=-i 

\m\<y/D 

c{t)£2Z 

Here  pt  is  the  prime  of  F  above  2  with  t  E  pt- 
(2)  When  di  =  5  (mod  8),  and  d2  =  0,A  (mod  8), 


log|  N(A(ri)  -  A(r2))|  =  ^  ^  log  N(p). 

t='^+^ £Op  Xb/f{P)=-1 
c(t)e2Z 

(3)  When  di  =  1  (mod  8)  and  d2  =  5  (mod  8), 

log|N(A(ri)  -  A(r2))|  =  2  ^  ^  logN(p). 

l=m+FF^Op  Xf/f(p)=-1 

|m|<\/D 

c(t)e2Z 

(4)  When  di  =  l  (mod  8)  and  ^2  =  0,4  (mod  8), 

log  I  N(A(ri)  -  A(r2))| 

1  V — ^  X — ^  1  “1“  _  ,T/  \  hiho  , 

=  5  E  E  - ^-!^PE/F(*p)logN(p)  +  2  — log2. 

f—m+LF^Op  Xf/f(p)=-i 

\m\<y/D 

c(t)e2Z 

(5)  When  di  =  1  (mod  8)  and  d2  =  1  (mod  8), 
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log  I  N(A(ri)  -  A(r2))| 

^  ^  1  +  ord  feA 

^  ^  2  WiW2 

Xb/f(P)— 1 

\m\<y/D 

c{t)&2Z 

Here  pi  is  the  prime  of  F  above  2  with  t  E  pt- 

We  remark  that  for  each  t  =  g  Op  in  the  above  formula,  the  second  sum 

^xf/f(p)=-i  most  one  non-zero  term  because  it  is  impossible  to  have  two  primes  pi 

and  p2  of  F  inert  in  E/F  with  both  Pe/f(ciPi)  and  Pe/f{.^P2)  non-zero  for  any  fractional 
ideal  a.  In  [HI,  one  of  the  authors  (Yu)  extends  the  factorization  formula  to  Rosenhain 
invariants  on  Siegel  threefold. 

Corollary  1.5.  Let  the  notation  he  as  above. 

(1)  N(A(^i^)  -  ^s  an  integer. 

(2)  If  p\  N(A(^i^^^)  —  then  p  <  -j  and  for  some  integer  0  <  m  < 

Vd. 

(3)  When  E/Q  is  unramified  at  2,  is  a  sguare  up  to  sign. 

Although  N(j(ri)  —  j(r2))  does  not  depend  on  the  choice  of  Tj  G  CM(fcj,  1),  the  same  is 
NOT  true  for  N(A(ri)  —  A(r2)).  Let 

Af{d,,d2)  =  {|N(A(ri)  -  A(r2))|  :  tj  G  CM(fc,,2)}. 

Then  a  simple  group  theoretic  argument  using  Lemma  [2.11  shows  that  I/{di,  ^2)  has  order 
at  most  9.  We  hnd  the  following  surprising  result. 

Theorem  1.6.  Assume  di,d2  <  —4.  Then  the  order  ofJ\f{di,d2)  is  given  by 

'1  if  di  =  d2  =  5  (mods), 

2  if  exactly  one  of  di,d2  =  5  (mod  8), 

4  if  di  =  d2  =  1  (mod  8), 

^  5  otherwise. 

The  proofs  of  Theorem  11.41  and  Proposition  11.31  are  similar  to  that  in  |YY]  although 
they  are  technically  more  subtle  and  raise  some  interesting  technical  questions.  In  Section 
|2l  we  review  and  prove  some  basic  facts  about  CM  points  in  X{2),  A-invariants,  and  ray 
class  group  actions  on  the  CM  cycles.  After  that  we  prove  Theorem  11.11  and  Propositions 
11.21  assuming  Proposition  11.31  In  Section  [HI  we  treat  the  product  Y(2)  x  X{2)  of  modular 
curves  as  the  Shimura  variety  associated  to  L  =  M2(Z)  with  Q{x)  =  2deta;,  and  hnd 
a  weakly  holomorphic  modular  form  /  whose  Borcherds  product  lifting  is  A (2:1)  —  X{z2) 
(Proposition  IHS])-  In  the  process,  we  also  prove  that  A(xi)  and  1  —  A(xi)  are  Borcherds 
products  for  some  explicit  weakly  homomorphic  forms  1  Corollary  13. 4p.  Notice  that  the 


\Af{di,d2)\  = 
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existence  of  /  is  not  guaranteed  by  Bruinier’s  converse  theorem  f  |Brul4j  h  In  Section  01 
we  use  the  big  CM  value  formula  in  |BKY12j  to  compute  the  absolute  value  of  the  norm 
of  A(ri)  —  A(r2)  and  to  prove  Theorem  II .41  and  Proposition  11.31  although  the  big  CM  cycle 
and  Galois  orbit  are  not  always  the  same  in  this  case.  We  then  use  these  results  to  prove 
Theorem  11.61 

The  main  technical  part  to  prove  Theorem  11.41  and  Proposition  11.31  is  to  compute  the 
local  Whittaker  functions  at  primes  dividing  2,  which  needs  more  general  explicit  formulas 
for  local  Whittaker  functions  than  exists  in  literature.  In  Section  [5l  we  give  an  explicit 
formula  for  a  whole  family  of  local  Whittaker  functions  which  are  basic  and  of  independent 
interest.  In  the  last  section,  we  actually  compute  some  examples  of  the  factorization  of 
the  norm  |N(A(ri)  —  A(r2))|  using  Theorem  11.41  We  check  the  formulas  with  computer 
computation  results,  and  they  match  perfectly. 

2.  The  integrality  of  the  CM  values  of  the  Lambda  function  A 

Let  Y{2)  =  P(2)\]HI  and  X{2)  =  Y(2)  U  {0, 1,  cxd}.  Then  X{2)  is  the  compactihcation  of 
Y (2)  and  is  known  to  have  a  canonical  model  over  Q.  Then  the  A-invariant  defined  by  fll.2p 
gives  an  isomorphism  between  X{2)  and  P^.  Moreover,  we  have  the  following  commutative 
diagram 


(2.1) 


A'(2)  — P' 

TT  7 

X(l)  ^^pi 


where  tt  is  the  natural  projection  and  tt'  is  given  by 

,  256(1  -a:  +  x2)3 

^  W  = - ^71 - - • 

—  xY 

So  the  minimal  polynomial  of  A  =  A(r)  over  Q(j('r))  is  generically  given  by  fll.ip.  For  any 
r  G  H,  the  preimage  of  j(r)  under  tt  is 


=  {Ao7;  7  g  SL2(Z)/P(2)} 


-  1  1 
A(r)  ’A(r)-l/ 


Let  fc  =  Q(\/d)  be  an  imaginary  quadratic  field  with  fundamental  discriminant  d  viewed 
as  a  subheld  of  C  in  the  usual  way.  For  iV  =  1,  2,  let  CM(fc,  N)  be  the  set  of  CM  points  in 
X{N)  dehned  as  in  the  introduction.  They  are  parameterized  by  triples  {a,  a,  (3),  where  o 
is  a  fractional  ideal  of  fc,  and  {a,f3)  is  an  ordered  Z-basis  of  a  such  that  ^  G  H.  Two  such 
triples  (Oj,  a*,  /9j)  are  equivalent  if  there  is  ^  G  fc  and  7  G  T{N)  such  that 

ai  =  za2,  7(01,  YiY  =  {za2,  ZY2Y. 


6 


TONGHAI  YANG,  HONGBO  YIN,  PENG  YU 


The  associated  CM  point  in  X{N)  is  given  by  T(^a,a,i3)  =  The  ray  class  group  Cl(fc,  A^) 
acts  on  CM(fc,  N)  as  follows:  For  a  fractional  ideal  b  prime  to  N, 

[b]  *  (a,a,/3)  =  (ab,ai,/?i) 


with 


a\  =  a  (mod  A^),  and  (3i  =  /3  (mod  N). 

We  refer  to  [YanlGj  for  more  detail.  Our  special  case  N  =  1,2  simplifies  the  description  a 
little.  Although  it  is  well-known  that  Cl(fc)  =  Cl(fc,  1)  acts  on  CM(fc)  =  CM(fc,  1)  simply 
transitively,  it  is  not  true  even  for  Cl(fc,  2).  Let  h{k,N)  be  the  ray  class  number  of  k  of 
modulus  N,  and  h{k)  =  h{k,  1). 


Lemma  2.1.  Let  the  notation  he  as  above,  and  let  w  =  \0^\  he  the  number  of  roots  of 
unity  in  k.  Then 


(1)  One  has 


h{k,2) 

h{k) 


^fd=l  (mods), 
IT  ifd  =  0  (mod  4), 
k  if  d  =  5  (mod  8). 


We  denote  r{d)  =  1,  2,  3  according  to  d=l  (mod  8),  0  (mod  4),  or  5  (mod  8). 

(2)  The  CM  set  CM(fc,  2)  has  6/r{d)  orbits  under  the  action  o/Cl(fc,  2)  when  d  <  — 4 
and  has  3  orbits  when  d  =  —3,  —4. 

(3)  When  4|d,  A(r)  is  real  when  r  G  CM(fc,  2)  and  the  minimal  polynomial  of  \{t)  over 
Q  is  of  degree  h{k,  2). 

(4)  When  4  f  d,  A(r)  is  not  real  for  r  G  CM(fc,  2),  and  the  minimal  polynomials  of  A(r) 
and  A(— f)  =  A(r)  over  Q  are  the  same  and  of  degree  2h{k,2).  In  particular,  when 
d  =  5  (mod  8)  and  d  ^  —3,  the  minimal  polynomial  of  X{t)  is  given  by 


fx{x)  =  n 

zeCM{k,2) 


Proof,  (sketch)  Claim  (1)  follows  from  the  general  relation  between  ideal  class  groups  and 
ray  class  groups,  see  for  example  [Mill  Theorem  1.7,  p.  146]: 


h{k,  m) 
h{k) 


N(m) 
[01  :  U„] 


11(1 -N(P)-'). 


where  m  is  an  integral  ideal  of  k,  h{k,m)  is  the  ray  class  number  of  k  of  modulus  m,  and 
Um  is  the  subgroup  of  consisting  of  units  which  are  1  (mod  m). 

Since  the  projection  map  from  X{2)  to  X(l)  has  degree  6  and  it  does  not  ramify  at  the 
CM  points  unless  d  =  —3,  —4,  claim  (2)  follows  from  (1)  immediately. 

For  (3),  we  may  assume  r  =  =  [Oj^,  a,  1]  with  a  =  Then  -r  =  ^7^  = 

[0]q,  —a,  1].  When  4|d,  it  is  clear  — r  =  d  -|-  r  which  is  equal  to  r  in  X{2).  Now  assume 
that  d  is  odd.  If  r  and  — r  are  in  the  same  orbit,  then  there  is  an  ideal  b  such  that 


Pk,  -a,  1]  =  [b]  *  [Ok,  a,  1]  =  [b,  ai,  /3i] 
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So  b  =  zO]q  and  there  is  7  G  r(2)  such  that 

7(q!i,/3i)*  =  {-za,zY. 

Notice  that  ai  =  a  (mod  2)  and  /9i  =  1  (mod  2)  by  dehnition.  A  simple  calculation  shows 
that  a  +  a  =  —d  =  0  (mod  2),  a  contradiction. 

(4)  follows  from  (3).  □ 

The  cases  d  =  —3,  —4  are  special,  so  we  record  them  as  a  separate  lemma. 


Lemma  2.2.  One  has  for  d  =  —3,  —4 

(1) 

h(Q(^/^),  2)  =  h(Q(V^)  =  1,  A(v/^)  =  -1, 

h(Q(V^), 2)  =  =  1,  a(-3+^V^)  ^  1±^. 

(2)  CM(fc,  2)  has  three  C\{k,  2) -orbits,  and  X{2)  — )■  X(l)  is  ramified  at  the  CM  points 


and 


-3+v/^ 


with  ramification  index  2. 


Proposition  2.3.  Let  d  <  —4,  and  let  r  =  T[a,a,i3]  o  CM  point  in  X{2).  Then  the 
polynomial  in  A  f{X,i{j))  in  U.l\)  is  irreducible  over  Q(j(T))  when  d  =  5  (mod  8)  and 
factorizes  into  product  of  three  quadratic  polynomials  over  Q(j(r))  when  d  ^  5  (mod  8). 
Equivalently, 

6  if  d  =  5  (mod  8), 


r))  :  Q(j(r))]  = 


otherwise. 


Moreover,  when  d  ^  5  (mod  8),  we  have 

/(A,j(r))  =  /i(A)/2(A)/2(A) 

with 


fii^)  —  A^  —  A  +  a, 
/2(A)  =  A^ 


lx  1 
-A  H — , 
a  a 

/3(A)  =  A2-(2-hA+l, 

a 


for  some  a  G  Q(j(T)). 


Proof  (sketch)  When  4  f  d,  [Q(A(r))  :  Q]  =  2h{k,2)  while  [Q(j(r))  :  Q]  =  h,  and  so 

[Q(A(r))  :  Q{3{t))]  =  2h{k,2)/h, 

which  is  6  or  2  depending  when  d  =  5  or  1  (mod  8)  by  Lemma  [2.11  Similarly  when  4|d, 
[Q(A(r))  :  =  h{k,  2)/h  =  2. 

Now  assume  d  ^  5  (mod  8).  Let  F  =  Q(j(r)).  Since  F(A(r))/F  is  of  degree  2,  the 
Galois  conjugate  of  A(r)  is  either  1  —  A(r),  or  • 

First  assume  that  the  Galois  conjugate  of  A(r)  is  1  —  A(r),  then  a  =  A(r)(l  —  A(r))  G  F, 
and  the  minimal  polynomial  of  A(r)  is  /i(A).  At  the  same  time,  the  Galois  conjugate  of  j 
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becomes  and  so  the  minimal  polynomial  of  is  /2(A).  Finally,  the  Galois  conjngate 
of  becomes  and  their  minimal  polynomial  is  /3(A).  As  the  roots  of  /(A,  j(r) 

are  these  six  nnmbers,  we  see  /(A))  =  /1/2/3  as  claimed.  The  other  cases  are  similar. 

□ 

For  the  rest  of  this  section,  we  assnme  Proposition  11.31  and  nse  it  to  prove  Proposition 
11.21  and  Theorem  11.11  Proposition  11.21  follows  from  Propositions  11.31  and  12.31  immediately 
as  Galois  conjngates  have  to  have  the  same  norm.  Let  H{k,  N)  be  the  ray  class  held  of  k 
of  modnlns  N. 

Proof  of  Theorem  11.11  We  hrst  prove  that  Aq  =  is  integral.  As  j{T)  is  an 

algebraic  integer,  the  eqnation  (II. ip  shows  that  A(r)  is  integral  at  fp  for  any  GM  point 
T  G  GM(fc,  2)  and  every  prime  ideal  ^  of  A:(A(r))  =  H{k,2)  not  above  2.  So  we  jnst  need 
to  prove  that  Aq  is  integral  at  p  for  every  prime  p  of  the  Hilbert  class  held  H  =  fc(jo)  of  ^ 
above  2  with  jo  = 

When  d  =  5  (mod  8),  [fc(Ao)  :  fc(jo)]  =  3  by  Lemma  [2Tl  The  Galois  conjngates  of  Aq 
over  k{jo)  =  H  are  Aq,  and  So  ^k{Xo)/k{jo)(^o)  =  -1-  On  the  other  hand,  20y, 

splits  completely  in  fc(jo)  and  has  then  to  be  ramihed  in  fc(Ao)  =  H{k,2).  So  for  every 
prime  ideal  p  of  fc(jo)  above  2,  fc(Ao)p/fc(jo)p  is  a  ramihed  local  held  extension  of  degree  3. 
So  ^k{Xo)/k{jo)i^o)  =  “1  implies  that  Aq  is  a  nnit  in  fc(Ao)p.  Therefore,  Aq  is  integral  and 
actnally  a  nnit  in  fc(Ao).  So  all  six  A-valnes  are  nnits  as  they  are  Galois  conjngates  over 
Q(jo)- 

When  d  =  A  (mod  8),  let  p2  be  the  prime  of  k  above  2.  Then  p2  is  nnramihed  in  H  and 
has  to  be  ramihed  in  fc(Ao)  =  H{k,2)  (as  H  7^  H{k,2)).  In  particnlar,  for  every  prime  p 
of  H  above  2,  p  =  is  ramihed  in  fc(Ao).  By  Proposition  11.21  Aq  and  I/Aq  are  Galois 
conjngates  over  H,  and  so  we  have 

^H{k,2)<:fs/Hp  Aq  =  1; 

which  implies  that  Aq  is  a  nnit  in  iL(fc,  2)sp  for  every  prime  ideal  ^  of  H{k,2).  So  Aq  is 
integral  and  actnally  a  nnit  in  H{k,2). 

Next,  we  assnme  d  =  0  (mod  8).  As  the  Galois  conjngate  of  Aq  is  by  Proposition 
11.21  the  Galois  conjngate  of  1  —  Aq  is  yzyy-  So  the  same  argnment  as  in  the  case  d  =  4 
(mod  8)  shows  that  1  —  Aq  is  integral  and  a  nnit  in  H{k,2). 

Finally,  we  assnme  d  =  1  (mod  8).  Let 

a  =  Ao(l  —  Aq),  ujq  = - • 

a 

It  is  not  hard  to  hnd  that 

jo  =  ,  or  (wo  +  16)^  -  jouo  =  0. 

Uo 

Hence,  uq  is  integral  by  integrality  of  jo-  By  Proposition  11.21  Aq  and  1  —  Aq  are  in  the  same 
Galois  orbit.  By  Proposition  [L3l 

=  |Nife(,,,/QA„p  =  |N(A„)P  =  2®. 
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Here  h  is  the  ideal  class  number  of  fc.  Therefore, 

162ft 


|Na;o|  = 


16 


2ft 


|Nfc(Ao)/Q«l  2®^ 


=  1. 


So  ujq  is  a  unit  as  claimed.  In  particular,  a  =  —  ^  is  integral,  and  thus  Aq  is  integral  with 


Ag  —  Aq  —  Oj  —  0. 


This  proves  the  theorem. 

We  remark  that  a;2(r)  =  “  A(r)(h^A(7))  actually  a  hauptmodul  for  Xo(2).  Its  CM  values 
are  studied  in  [YYj. 


Corollary  2.4.  The  following  are  true. 

(1)  When  d  =  5  (mod  8),  one  has 

(2)  When  d  =  1  (mod  8),  gcd{j{^),2)  =  1. 

(3)  When  d  =  0  (mod  4),  2®^||  Nq6i,)/q(jo)  for  where  h  is  the  class  number 

of  k  =  Q{y/d).  Moreover,  ^  is  integral  at  2. 


Proof.  (1)  follows  from  the  minimal  polynomial  equation  fll.ip  of  Aq  over  Z(jo)  and  the 
integrality  of  Ag.  Here  we  write  again  Ag  = 

For  (2),  recall  that  uq  =  — ^  is  a  unit  with  a  =  Ag(l  —  Ag)  G  Q(jo).  So  ordp(a)  =  4ordp  2 
for  every  prime  ideal  p  of  Q(jg)  above  2.  This  implies 


^  ^  256(1  -a)3  ^ 

or  dp  Jo  =  or  dp - 5 - =  0. 

So  jo  is  a  unit  at  2.  Claim  (3)  can  be  proved  similarly  and  we  leave  it  to  the  reader.  □ 


The  explicit  calculation  suggests  that  ^  is  integral  and  is  a  unit  at  2. 


3.  A(^i),  1  -  A(2ri)  AND  A(^i)  -  A(^2)  as  Borcherds  liftings 

3.1.  Brief  review  of  Borcherds  liftings.  Let  L  =  M2(Z)  with  the  quadratic  form 
Q{x)  =  2detx  and  the  induced  pairing 

(t,  y)  =  Q(x  +  y)-  Q{x)  -  Q{y)  =  2{yiXi  +  x^y^  -  1/2T3  -  X2yo)- 

Let  V  =  M2 (Q). Then 

H  =  GSpin(l/)  =  {g  =  {gi,g2)  e  GL2  x  GL2  :  det^fi  =  det5(2} 
acting  on  V  via 

(^i,^2)a:  =  gixgf^. 

One  has  the  exact  sequence 


1  ^  ^  M  ^  SO(Y)  ^  1. 


Let 

(3.1) 


£  =  {w  G  Vc  :  {w,w)  =  0,  {w,w)  <  0}. 
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and  let  D  be  the  Hermitian  symmetric  domain  of  oriented  negative  2-planes  in  Vr  =  ®qM. 
Then  one  has  an  isomorphism 

pr  :  C/C^  =  D,  w  =  u  +  iv  ^  Ru  +  M(— n). 

For  the  isotropic  matrix  £  =  ( [j  )  G  L  and  i'  =  with  {i,  i')  =  1.  We  also  have 

the  associated  tnbe  domain 

=  {( o'  -% )  •  yiy2  >  o},  Pi  = 

together  with 

This  gives  an  isomorphism  =  £/C^.  We  also  identity  U  (EI”)^  with  by 

(j):  z  =  izi,Z2)  ^  I 

Note  that  we  nse  this  identification  in  order  to  have  the  following  compatibility  property 
and  it  is  also  the  identification  used  in  the  computation  of  Borcherds  products.  The 
following  is  a  special  case  of  |YY1  Proposition  3.1] 

Proposition  3.1.  Define 

W2  :  U  (EI”)^  ->  £,  W2{zi,  Z2)  =  w  o  (j){zi,  Z2)  = 

Then  the  composition  pr  0W2  gives  an  isomorphism  between  EI^  U  (EI“)^  and  D.  Moreover, 
W2  is  H{Ri)-equivariant,  where  H{R)  acts  on  EI^  U  (EI“)^  via  the  usual  linear  fraction: 

{9u92){zi,Z2)  =  {gi{zi),g2{z2)), 

and  acts  on  C  and  D  naturally  via  its  action  on  V.  Moreover,  one  has 

(3.2)  {gi,  g2)w2{zi,  Z2)  =  W2(5'i(^i),  6'2(^2)), 

^[91,92) 

where  i'{9i,92)  =  det^^i  =  det5f2  is  the  spin  character  of  H  =  GSpin(l/),  and 
j{9l,92,Zi,Z2)  =  j{gi,Zi)j{g2,Z2)  =  {CiZi  +  cii)(c2^2  +  c?2) 
is  the  automorphy  factor  (of  weight  (1,1)  j. 

Let  T  =  r(2)  in  this  paper,  and  let 

K{2)  =  {geGL2{Z):  <?  =  (S?)  (mod  2)} 

and  iF  =  iFr(2)  =  (-^(2)  xiF(2))niL(A/).  Let  Xr- =  iL(Q)\DxiL(A/)/iF  be  the  associated 
Shimura  variety,  then  one  has 

X^  =  y(2)xF(2), 

where  Y{2)  =  r(2)\EI.  We  recall  that  X(2)  =  F(2)U{0, 1,  cxo}  is  the  compactified  modular 
curve.  Under  this  identihcation,  the  tautological  line  bundle  Ck  =  H{Q)\C  x  H{Af)/K 
over  Xk  becomes  the  line  bundle  of  two  variable  modular  forms  of  weight  (1, 1)  for  r(2)  x 
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r(2).  Notice  that  the  dual  lattice  of  L  is  L'  =  For  each  /i  G  L'  jL  and  m  G  Q(/i)  +  L, 
the  associated  special  divisor  Z (m,  /i)  is  given  by 

Z(m,  /i)  =  (r(2)  X  r(2))\{(zi,  Z2)  :  W2{zi,  Z2)  -L  x  for  some  x  ^  n  +  L,  Q(x)  =  m} 

Let  Sl  =  ®^^L' C  Siy^j)  with  =  Char(/i+L),  and  let  ojl  be  the  Weil  representation 
of  SL2(Z)  on  Sl  as  in  |YYj.  Let  be  the  space  of  S'!,- valued  weakly  holomorphic 

modular  forms  of  SL2(Z)  of  weight  0  and  representation  ojl,  i.e.,  holomorphic  functions 



such  that  /(yr)  =  a;i(7)/(r)  and  /  is  meromorphic  at  the  cusp  00.  It  has  Fourier  expansion 


(3.3)  f{r)=  Y  c{m,  ix)q^(j)^. 

fi£L'/L  mGQ 
m'^—00 


The  following  is  a  special  case  of  Borcherds’  far  reaching  lifting  theorem  (|Bor98t  Theorem 
13.3],  see  also  |YYl  Theorems  2.1  and  2.2]). 


Theorem  3.2.  Let  /(r)  G  be  as  above  and  assume  c{m,^)  G  Z  for  m  <  0.  Write 

z  =  {zi,Z2)  G  Then  there  is  a  meromorphic  modular  form  '^{z^f)  of  weight  {k,k)  for 
F(2)  X  F(2)  with  k  =  c(0,0)/2  (with  some  characters)  such  that 

(1)  one  has  on  the  product  of  open  modular  curves  Y{2)  x  T(2) 

Div{'^{z,ff)  =  Z{f)  =  Y  c{-m,fx)Z{m,fj,), 

m>0,fiGL' /L 

here  the  multiplicity  of  Z{m,p,)  is  2  if  2pL  =  0  in  L'  jL  and  1  z/2p  7^  0  m  L'  jL. 

(2)  Near  each  cusp  Q£  of  Xk  (i  &  V  with  {i,i)  =  0),  T(z,/)  has  a  product  expansion 
of  the  form: 

^{zJ)  =  Ce(,(z,p(W,f)))  n  n  |l-e((7,7  +  (ftO)Y®’’-'‘’. 

7eM'  lJ.&LyL 
(7,IT)>0p(/7)e7+M 

Here  C  is  a  constant  with  absolute  value 


(3.4) 


n  (1-4)) 

Sei,lN,s^o 


c(0,^O 

2 


Here  the  unexplained  notation  are  the  same  as  in  im  Section  2],  and  will  be  defined 
in  the  special  case  we  considered  below. 


3.2.  A(zi)  —  X{z2)  as  a  Borcherds  lifting.  We  choose  explicit  representatives  of  cosets 
L'  jL  =  {pLj  :  0  <  j  <  15}  with 


Lo  — 


P4  = 


0)-'“” 

0)  = 


4'“  (0 


A  -  F 
0 J  ^0 


Wi  — 


1 
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Take  the  cusp  £oo  =  — ei2  G  L  and  choose  =  |e2i  G  L'  with  (£oo,^^oo)  =  1-  Here  e^-  is 
the  2x2  matrix  with  (ij)  entry  1  and  other  entries  0.  Let  M^o  =  (Q^oo  +  Ll  L  = 

(q^).  Take  £moo  =  =  ^622  G  M'^  with  =  1-  Furthermore,  take 

Poo  =  Moo  n  (Q^Moo  +  Q^Moo)'*'  =  0  this  case.  Finally,  take 

L'o^  =  {a;GL':  {x,L)  C  2Z}, 


then  it  is  easy  to  check  that 

(3.5)  -^Ooo/ “  {ho,  h3,  h4,  h5,  he,  h7,  hio,  hie}- 

Let  Poo  :  L'qoo/L  M'oo/Moo  be  the  projection  dehned  in  |YYl  (2.12)].  Then 

Poo(ho)  hoo(h6)  0,  Poo(h3)  Poo(hio)  77^22, 

(3.6)  j  2 

Pcx)(h4)  hoo(h7)  2^11’  Poo(h5)  Poo(hl5)  2^^' 

Here  I2  is  the  identity  matrix  of  rank  2. 

This  explains  most  of  the  unexplained  notations  in  the  last  theorem  except  the  Weyl 
chamber  W  and  Weyl  vector  p{W,f),  both  of  which  depend  on  the  choice  of  /  (we  refer 
to  |YY1  Section  2]  for  a  brief  review  of  them).  We  hrst  determine  the  Borcherds  products 
of  the  constant  weakly  holomorphic  vector  valued  modular  forms  which  will  be  used  later 
and  are  of  independent  interest. 

Proposition  3.3.  Let  be  the  subspace  of  consisting  of  constant  vectors  f  = 

X;c(O,/ii)0^,.  Then 

(1)  The  space  is  of  dimension  5  with  a  basis  {fj  :  0  <  j  <  4},  where 

fo  =  4>^lo  +  0M9  +  , 

fl  0/^1  T  0M7  0/710  0/*12, 

02  0/72  0/76  0/77  "F  0/712, 

03  0/73  T  0/76  0/79  0/712  , 

04  =  0/74  +  0/76  +  0/77  ~  0/79  “  0/710  ~  0/712  • 
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(2)  Their  Borcherds  liftings  are  given  by 

^(2;,24/o)  =  2^^A(z2)A(2^i)(1  -  A(2;i))^  =  ^{z2)oJ2{zi)^{zi){l  -  A(^i))^, 


^{z,2Ah)  = 


^2{z2){^  —  A(^2))'' 


U2iZi){l  -  A(^i))3 

24/2)  =2^2  1 


0J2{Zi)0J2{z2Y{l  - 
1-12 


=  A(^i)(l  -  A(;.i))-2A(^2)-'(1  -  A(^2)f , 

=  -A(zi)(l  -  A(zi))A(z2)'(1  -  A(z2))-\ 


v[/(^,24/3)  =  -2-i^a;2(;^i)^a;2(;^2)A(;^i)^  =  A(;^i)(l  -  A(^i))-^A(;^2)-'(1  -  A(;^2)) 

®(..  24/,)  =  =  (1  _  A(.0)-’, 


\-l 


Here 

/  A  -16 

A(.-)(l  -  A(z)) 

is  a  Hauptmodul  for  ro(2).  Finally,  X{zi)  and  1  —  A(^j)  can  be  written  as  products 
of  integral  powers  of  '^{z,8fj),  j  =  1,2,  3, 4,  up  to  a  constant  multiple. 

(3)  // 41(2:1,  Z2)  is  a  two  variable  meromorphic  modular  form  for  T (2)  x  r(2)  of  weight 
{k,  k)  with  divisor  solely  supported  on  the  boundary.  Then 

^'(2:1,  2:2)^  =  C^{zi,Z2,f) 

is  a  Borcherds  lifting  of  some  f  G  Mq  °  ^  up  to  a  constant  multiple. 


Proof  (sketch)  Write  n{b)  =  (01)  and  w  =  (?  oM-  Then  /  =  X]  c/(0, G  if 

and  only  if 

/(r  + 1)  =  02^(71(1))/  and  /(-1/r)  =  wl(w;)/. 


i.e., 

5^Cf(0,///)(e(Q(///))  -  =  0 

and 

Now  a  simple  (tedious)  linear  algebra  calculation  gives  (1).  To  hnd  the  Borcherds  products 
of  4/(/)  for  /  G  ,  notice  hrst  that  since  /  has  no  negative  terms,  there  is  only  one 

Weyl  chamber 

W  =  {M(S  _°i)  :  a  >  0}. 

—  0  \ 

n  j  G  M'  satishes  (7,  W)  >  0  if  and  only  if  m,n  >  0  are  integers  not  both 

equal  to  zero.  The  Weyl  vector  is  given  by,  via  explicit  calculation  using  the  formula  |YY1 
(2.17)], 

p(T/)  =  XVc"). 


with 


C2  =  2c/(0,  po)  +  2c/(0,  //e)  -  c/(0,  p,i)  -  c/(0,  p,^), 
Cl  =  Cf{0,  po)  +  c/(0,  /ig)  +  Cf{0,  /X4)  +  Cf{0,  frj). 
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^  ^  N  =/(0,M6) 

Finally,  the  constant  C  =  C{f)  can  be  chosen  as  C{f)  =  2  2  .  So  one  has  by  Theorem 

o 

cf(0.M6)  iil  £2 

(3.7)  ^{z,f)  =  2^qrqr 

CO 

■  n(l  - 

m=l 

CO 


n=l 


Now  we  have  the  following  table 


fo 

/i 

/2 

/s 

h 

c,(0.0) 

1 

0 

0 

0 

0 

C/(0,  p.g) 

0 

0 

-1 

1 

1 

o' 

0 

0 

0 

0 

0 

1 

C/(0,P7) 

0 

1 

-1 

0 

1 

0 

CO 

0 

0 

0 

1 

0 

c/(0,/iio) 

1 

-1 

0 

0 

-1 

Cl 

1 

1 

-2 

1 

3 

C2 

2 

-1 

-1 

2 

0 

Cif) 

1 

1 

2"5 

2^ 

25 

Recall  the  product  formula  (11.21).  and 

1  -  A(r)  = 


1  -I 

- Or 

16^ 


Ui 

n>l 


1  +  0- 



1  +  0^ 


we  obtain  the  formulas  in  (2).  We  rewrite  the  formulas  as 


/log|T(2;,24/i)|\ 

/I 

-2  -1 

2 

log  |T  (2;,  24/2) 

1 

1  2 

-1 

log  |vl/(z,  24/3)1 

1 

-2  -1 

-1 

yiog  T(z,24/4)  yi 

-3  0 

0 

invertible  with  inverse 

/I 

1  1 

1 

0 

0  0 

-1 

3 

0 

1  -1 

1 

0  -1 

0/ 

/  log|A(^i)|  \ 
log|l  -  A(2;i)| 
log|A(2;2)| 
\log|l  -  A(2:2)|/ 


This  proves  the  last  claim  of  (2):  A(2;i)  and  1  —  A(2;i)  are  also  Borcherds  products. 

To  prove  (3),  notice  that  'hi(2;)  =  '^{z)/'^{z,2kfo)  is  a  two  variable  modular  function 
with  divisor  supported  on  the  boundary  of  X{2)  x  X{2).  It  is  easy  to  check  that  such  a 
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function  is  of  the  form 

=  c,\{zir\i  -  Kz2)r-\{z2r^{i  - 

with  TTii  G  Z.  Indeed,  £x  Z2  G  H,  then  '^i{zi,Z2)  is  a  meromorphic  function  on  X{2)  with 
poles  and  zeros  only  at  the  cusps  {0, 1,  cx)},  so 

'^,{zuZ2)  =  C{z2)X{z,r^{l  -  X{z,)r\ 

where  C{z2)  is  a  meromorphic  function  of  Z2  which  can  only  have  zeros  or  poles  at  the 
cusps  of  X{2).  So 

C(Z2)  =  C^X(z2r^(l  -  X(z2)r\ 

So  there  are  some  integers  6*  by  (2)  such  that 

This  proves  the  proposition. 

□ 

Corollary  3.4.  ITe  have  the  following  Borcherds  lifting: 

— A(2:i)  =  '^{z,  8(/i  +  f2  +  fs  —  /4))  =  'h(2:,  8(0^^  +  0^2  +  4>^l3  ~  0^4  “  ~ 

l-A(^i)  =  T(2;, -8/4)  =  +  +0/,, -0^9 -0^12)), 

-X{Z2)  =  T(^,  8(/2  -  /s  +  /4))  =  'h(^,  8(0^2  -  0M3  +  0M4  -  -  0M1O  +  <^1^12)), 

1  -  A(^2)  =  '^{z,  8(/i  -  fs))  =  'h(^,  8(0^^  -  0^3  -  -  0^10)). 

Proposition  3.5.  Let 

/(r)  = -8  A|7a;L(7)"VM5 -4/0  +  4/1  +  4/2-4/3-4/4 

7er(2)\SL2(z) 

=  9“^0M5+  Y  G 

m>0,fiGL'  /  L 

be  a  weakly  holomorphic  vector  valued  modular  form  induced  from  X  with  slightly  modifi¬ 
cation  as  indicated.  Then  the  principal  part  of  f  is  and  (with  a  suitable  choice  of 

the  constant) 

'^{z,f)  =  X{zi)  -  X{Z2), 

and 

C/(0,/i3)  =  C/(0,/i4)  =  C/(0,/i6)  =  Cf  (0,10,7)  =  C/(0,/iio)  =  -8, 

Cf  (0,102)  =  Cf  (0,109)  =  8, 

Cf(0,fOj)  =  0  for  all  other  j. 

Proof.  Let 

fdr)  =  -8  Y  M'l^L(l)~^4>t23 

7er(2)\SL2(z) 


16 


TONGHAI  YANG,  HONGBO  YIN,  PENG  YU 


be  the  weakly  holomorphic  vector  valued  modular  form  induced  from  A.  Then  one  has  the 
following  Fourier  expansion 

15 

j=0 reZ>0 


with 


Cl(0,/Xo)  =  Cl(0,/X2)  =  Cl(0,/X6)  =  Cl(0,/X9)  =  4, 

CL(0,/ii)  =  Cl(0,/13)  =  CL(0,/i4)  =  Cl{0,Hy)  =  Cl(0,/1io)  =  Cl(0,/1i2)  =  -4. 


So  =  Z(A,/i5)  =  F^2)  is  the  diagonal  cycle  in  the  open  Shimura  variety  = 

Y{2)  X  F(2). 

We  first  look  at  the  Borcherds  lifting  of  around  the  cusp  Qf'oo  with  =  — ei2  as  at 
the  beginning  of  this  section,  and  £'^  =  ^621-  The  Grassmannian  Gr(M)  is  cut  into  two 
Weyl  chambers  by  Zi^f^),  the  one  whose  closure  contains  =  Cn  is 

W  =  {M(S  _0i)  :  a  >  1}. 


/  —HI  0  \ 

The  associated  Weyl  vector  is  p(W,  fi)  =  0.  For  a  vector  7  =  (  u  j  G  M',  (7,  W)  >  0 
if  and  only  if 

m  +  n>0,  n>0,  m  and  n  are  not  both  0. 

Finally,  the  identihcation  between  U  (1HI“)^  and  is  (j){zi,  Z2)  =  0  Theo¬ 

rem  [22]  gives  in  this  special  case 


(3.8)  T(zi,Z2,/l)  =  g|(i 


qh2 


n  n 


IL  m  /  mn  N 


m,n>l 


Poo(Ai)  = 


0 


0  - 
^  2 


H-Ai’o 


Let  "^{S^Zi),  S{z2),  Jl)  be  the  Borcherds  product  expansion  of  ^(2;, /i)  at  the  cusp 
£0  =  w£aoW~^  =  621-  So  £q  =  w£'^w~^  =  — |ei2.  Theorem  13.21  together  with  the  same 
calculation  as  above,  gives  the  Borcherds  product  expansion: 


(3.9)  »(S(z,),S(2j),/i)=g|(l-gbd)  ff  11 


(1-,,-  or- 


/  mn  \ 


m,n>l 


poG)= 


0 


+Mo 


where  Mg  =  (Qfg  -|-  Qf'g)'*'  fl  L  =  (  g  ^ ),  and 


and 


Tqo  —  {a;  G  W  :  (x,  £'q)  G  2Z}  —  {/io,  pi,  P2,  Ps,  Pa,  Pb,  P12,  Pia}  +  L, 


Po  ■  L'qq/L  — )■  Mg/Mo, 


is  the  associated  projection  similar  to  fl3.6ll. 
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Now  we  assume 


15 

f  =  Y^ 

i=0 


Mi 


is  a  constant  vector  valued  modular  form  such  that  \l'(^i,  Z2,  fi  +  f')  =  “  ^{.^2).  From 

the  expression  (13.81)  and  (I3.9p  and  comparing  the  leading  terms,  we  want  the  Borcherds 

lifting  of  /'  at  the  cusp  £00  to  have  Weyl  vector  ( ]  and  the  Borcherds  lifting  of  /' 


at  the  cusp  io  to  have  Weyl  vector 


^0 

Q  ^1^  .  Note  that 


/moo  “  (®0  +  +  («4  +  07)0^4) 

/mo  ^  +  ^2)0^0  +  (®1  +  ®3)0M3) 


and 


KMoo  -  eii,  Lmoo  -  2^22, 


?Mo  -  622,  ^Mo  -  2^11- 

Then  by  the  Weyl  vector  formula  in  |YY1  (2.15)-(2.18)],  we  have 

oq  T  +  czg  +  aj 


Pi'  — 


P^Moo 


24 

Oq  +  06  04  +  O7 


=  -1, 


+ 


Pi'  = 

^  Mr, 


24  48 

Oq  +  Ol  +  O2  +  O3 


1 

2’ 


P^Mq 


24 

Oq  +  O2  ,  Ol  +  O3 


=  0, 


+ 


=  0 


24  48 

Since  c(0,  fi)  =  4,  we  also  require  oq  =  —4  in  order  to  get  a  modular  function.  Note  that 
T  o  f  =  f  and  S'  o  /'  =  /'  is  the  basic  requirement  for  /'  to  be  a  vector  valued  modular 
form.  These  linear  equations  have  a  unique  solution  which  can  be  written  as 


Now  it  is  easy  to  see  that 


/'  = -4/0 +  4/1 +4/2 -4/3 -4/4. 


'^{zi,Z2Jl  +  f)/{X{zi)  -  X{Z2)) 


is  holomorphic  on  Y(2)  x  Y(2)  and  is  thus  constant.  By  comparing  the  coefficients,  we 
get  that  ^(zi,  Z2,  /l  +  f)  =  AP^i)  -  A(2:2)-  □ 

For  the  convenience  of  the  reader  interested  in  calculation,  we  record  an  explicit  expan¬ 
sion  for  /(r)  as  the  following  proposition. 


18 


TONGHAI  YANG,  HONGBO  YIN,  PENG  YU 


Proposition  3.6.  Let 


15 


/(^)  = 

j=0 


be  the  weakly  modular  form  in  Proposition\3.5[  Then 


To) 

/is) 

/is) 

f{r,  /is) 
f{r,  To) 

/ir) 
fi-r,  Ts) 

/ig) 

/(^,/iio) 

/(^,/iii) 

/(^,/il2) 

/(^,/il3) 

f{r,Tii) 

f{r,Ti5) 


1024g  +  24576g2  +  307200^^  +  2686976g^  +  18561024g'^  +  •  •  • 
-1024g  -  24576g^  -  307200g^  -  2686976g^  -  18561024g^  +  •  •  • 

8  +  1024g  +  24576g2  +  307200g^  +  2686976g^  +  18561024g®  +  •  •  • 
-8  -  1024g  -  24576g2  -  307200^^  -  2686976g^  -  18561024g^  +  •  •  • 
-8  -  1024g  -  24576g2  -  307200g^  -  2686976g^  -  18561024g^  +  •  ■  ■ 
q-^  +  148g  +  5570g2  +  92120^^  +  940415g^  +  7239908g®  +  •  ■  • 

-8  +  1024g  +  24576g2  +  307200^^  +  2686976g^  +  18561024g^  +  ■  •  • 
-8  -  1024g  -  24576g^  -  307200g3  -  2686976g^  -  18561024g^  +  •  •  ■ 
128g5  +  5632g5  +  91904gi  +  941056g5  +  7238272g^  +  •  •  • 

8  +  1024g  +  24576g2  +  307200g^  +  2686976g^  +  18561024^®  +  •  •  • 
-8  -  1024g  -  24576g2  -  307200g^  -  2686976g^  -  18561024g^  +  •  •  • 
-128g^  -  5632g5  -  91904gi  -  941056g5  -  7238272g^  +  •  •  • 
-1024g  -  24576g2  -  307200g=^  -  2686976g^  -  18561024g'^  +  •  •  • 
-128g^  -  5632gi  -  91904gi  -  941056g5  -  7238272gf  +  •  •  • 

128g^  +  5632gt  +  91904gt  +  941056gi  +  7238272gt  +  •  ■  ■ 

128^5  +  5632^5  +  91904gi  +  941056g5  +  7238272gi  +  ■  ■  • 


4.  The  Big  CM  value  formula  and  proofs  of  the  main  results 


4.1.  Big  CM  cycles.  Let  fc*  =  Qi'/di),  i  =  1,2,  be  two  imaginary  quadratic  fields  of 
fundamental  discriminants  di,  and  E  =  fcifcs  =  Q(\/di, -v/ds).  Let  F  =  Q(\/Il)  be  the 
real  quadratic  field  with  D  =  dids.  We  assume  in  this  paper  (dijds)  =  1.  Let  W  =  E 
with  F-quadratic  form  Qf{x)  =  ^=,  and  let  ILq  =  IT  with  Q-quadratic  form  Q{x)  = 

t-^F/QiQpix)).  Let  (Ti  =  1  and  us  =  a  be  two  real  embeddings  of  F  with  ai{'/D)  = 
(— l)*“^\/ll.  Then  IT  has  signature  (0,2)  at  us  and  (2,0)  at  cxi  respectively,  and  so  ITq 
has  signature  (2,  2).  Choose  a  Z-basis  of  C  =  as  follows 


Cl  =  1(8)1, 

We  will  drop 


—di  +  \/di  — di  +  \/di 

eg  =  - ;; -  =  - ;; - <81, 


dg  +  \/d2  .,„d2  +  \/dg 

es  = - ^ - =  1<8- 


2  2  '  2  2 
when  there  is  no  confusion.  Then  it  is  easy  to  check  that 


64  —  6263. 


(4.1)  {Wq,Qq)  =  {V,Q)  =  (M2(Q),2det),5^a;,e,^ 


We  will  identify  (1Tq,(5q)  with  the  quadratic  space  iV,Q)  =  (M2(Q),  2  det).  Under  this 
identification,  L  =  M2(Z)  becomes  Oe- 
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Let  T  be  the  torus  over  Q  given  by  (see  |HY12j)  and  also  |BKY12(  Section  6]) 

T{R)  =  {(ti,  ^2)  £  (^1  -R)^  X  (^2  R)^  ■  tRi  =  ^2^2}, 

for  any  Q-algebra  R.  Then  there  is  a  map  from  T  to  SO(IY)  given  by  (^1,^2)  t  ^1/^2- 
Dehne  the  embedding 

(4.2)  Lj  :  kj  -)■  M2(Q),  ij(r)(ej+i,ei)*  =  (rej+i,rei)h 

Then  l  =  (ti,  L2)  gives  the  embedding  from  T  to  iL,  and  one  has  the  commutative  diagram: 

1  — )■  Gm  — t  T  — )■  R.esi?/Q  SO(hT)  — )■  1 

1  ^  ^  iL  ->  SO(Y)  ^  1 

This  shows  that  T  is  a  maximal  torus  of  H.  Since  is  of  signature  (0,2),  it  gives  two 
points  2:^2  a  big  CM  point  in  the  sense  of  |BKY12j.  The  associated  big  CM  cycles 

are 

Z{W,z^,)  =  X  {Tm\T{kf)/KT) 

where  2:^2  =  , 

Kt  =  {{hM)  e  T{Kf)  :  (M(ti)Y2(t2))  e  K{T{2))  x  iL(r(2))}. 

This  cycle  is  dehned  over  (J2{E)  =  E.  Let  Z{W)  be  the  formal  sum  of  all  its  Galois 
conjugates  (four  of  them),  which  is  a  big  CM  cycle  of  dehned  over  Q.  We  refer  to 
[BKYl  2]  for  details. 


Lemma  4.1.  Let  Kj  =  1  +  20]^,  C  ,  then  Cl(iC,)  =  kj'^\E^j/Kj  is  the  ray  class  group 
Cl{kj,2)  of  E  of  modulus  20 j^  .  Moreover,  one  has  an  isomorphism 

p'  :  T{Q)\T{Aj)/Kt  ^  Cl(fci,2)  X  Cl(fc2,2),  p'HhM)  =  ([ti],  N)- 


Proof.  First  notice  that  Kj  =  lJ^{K{2)).  Let  H{ki,N)  be  the  ray  class  held  of  k,  of 
modulus  NO]^^  for  i  =  1,2  and  Y  =  1,  2.  By  the  same  argument  as  that  in  [YY(  Lemma 
3.8],  it  is  enough  to  show  H{ki,2)  fl  H{k2,2)  =  Q.  Since  (^1,^2)  =  1,  we  may  assume 
2\  62-  In  particular,  2  is  unramihed  in  H{h2,l).  Every  rational  prime  p  7^  2  is  unramihed 
in  H{ki,  2)  fl  H{h2,  2)  and  thus  in  if  (fci,  2)  fl  if  (fc2, 1).  Therefore  if  (fci,  2)  n  if  (fc2, 1)  is 
unramihed  over  Q  at  every  hnite  prime  and  is  thus  equal  to  Q.  Now  we  have 


[fi(fci,  2)  n  fi(fc2,  2)  :  Q]  =  [fi(fci,  2)  n  fi(fc2,  2)  ;  H{k^,  2)  n  fi(fc2, 1)], 

which  divides  [if(fc2,2)  :  if(fc2,l)]-  Since  [if(fc2,2)  :  if  (fc2, 1)]  =  1  or  3  by  Lemma  [2Tl 
fi(fci,2)  n  H{k2,2)  =  Q  or  if(fci,2)  fl  H{k2,2)  is  abelian  over  Q  of  degree  3.  Since 
if(fci,2)  n  H{k2,2)  is  also  unramihed  over  Q  at  hnite  primes  away  from  2,  we  have 
fi(fci,2)  n  if(fc2,2)  C  Q(C2")5  which  has  even  degree  over  Q,  a  contradiction.  Therefore 
if(fci,  2)  n  if  (fc2,  2)  =  Q.  This  proves  the  lemma. 

□ 
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4.2.  Incoherent  Eisenstein  series  and  the  big  CM  value  formula  of  Bruinier, 
Kudla,  and  Yang.  In  this  subsection,  we  review  the  big  CM  value  formula  of  Bruinier, 
Kudla,  and  Yang  |BKY12]. 

Associated  to  the  F-quadratic  space  IV  and  the  additive  adelic  character  'ijjp  =  'ipotrp/Q 
is  a  Weil  representation  oj  =  of  SL2(Ai?)  on  S'(iy(Ai7’))  =  ^(^(Aq)).  Let  x  =  Xb/e  be 
the  quadratic  Hecke  character  of  F  associated  to  E/F,  then  x  =  Xw  is  also  the  quadratic 
Hecke  character  of  F  associated  to  W,  and  there  is  a  SL2(Air)-equivariant  map 


(4.3)  A  =  ]jA,:S(lV(Ap))^I(0,x),  A(<PKg)  =  u;(g)m- 

Here  I(s,  x)  =  xl  1^  is  the  principal  series,  whose  sections  (elements)  are  smooth 

functions  <h  on  SL2(A^)  satisfying  the  condition 

$(n(6)m(a)5f,  s)  =  x(o)|a|®’'"^<h(5f,  s),  b  G  Ap,  and  a  G  A^. 

Here  B  =  NM  is  the  standard  Borel  subgroup  of  SL2.  Such  a  section  is  called  factorizable 
if  $  =  0$^  with  4)^  G  /(s,  Xv)-  It  is  called  standard  if  is  independent  of  s. 

For  a  standard  section  4>  G  /(s,  x),  its  associated  Eisenstein  series  is  defined  for  3fJ(s)  S>  0 
as 

E{g,s,^)=  ^{xg,s). 

76E(E)\SL2(F) 

For  (p  G  S{Vf)  =  S{Wf),  let  $/  be  the  standard  section  associated  to  A/(0)  G  J(0,x/), 
here  the  subscript  /  means  the  finite  part  of  the  adele.  For  each  real  embedding  Uj  :  F  M, 
let  $0-.  G  I{s,  Xc/r)  =  -I(s,  Xe^-If^.)  be  the  unique  ‘weight  one’  eigenvector  of  SL2(M)  given 
by 


^^^{n{b)m{a)ke)  =  Xc/R(a)|a|“ '  "e"' 


for  6  G  M,  a  G 


\s-\-lA0 

VC/Rlwqw 

y  and  ke  =  ( dgfn e  cose)  ^  S02(M).  We  define  for  t  =  (ri,r2)  G 
E{f,  s,  (j))  =  N{v)~^E{gf,  s,  <F/  (g)  (®i<i<2*h<^J), 

where  v  =  Im(r),  N(F)  =  g-^  =  {n{ui)m{^/ni))l<i<2■  It  is  a  (non-holomorphic) 

Hilbert  modular  form  of  scalar  weight  1  for  some  congruence  subgroup  of  SL2(Cii?).  Fol¬ 
lowing  |BKY12j.  we  further  normalize 

E*{t,  s,  0)  =  A(s  +  1,  x)E{t,  s,  0), 

where  dp  is  the  different  of  F,  dp/ p  is  the  relative  discriminant  of  E/F,  and 
(4.4) 

A(s,x)  =  A5(7r-^F(^^))2L(s,x)  =  A(s,  Xfci/Q)A(s,  x^^/q),  A  =  Np/Q(dpdp/p)  =  D. 

A(s,  x)  is  a  holomorphic  function  of  s  with  functional  equation 

A(s,x)  =  A(1  -  s,x), 


and 


A(l,x)=A(0,x)  =  A(0,x)  =  2 


2-5 


KE) 


^  ^h(fci)h(fc2)  ^ 


w{E)h{F)  w{ki)w{k2) 


where  2^  =  [O^  :  /x(F)C>^]  =  1,  2. 
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The  Eisenstein  series  is  incoherent  in  the  sense  of  Kudla  f|Kud97]h  This  forces  E*{t,  0,  (p) 
0  antomatically. 

Proposition  4.2.  f|BKY12l  Proposition  4.6]j  Let  (j)  G  S{Vf)  =  S{Wf).  For  a  totally 
positive  element  t  G  let  a{t,(())  be  the  t-th  Fourier  coefficient  o/ F*’'(r,  0,  0)  and  write 
the  constant  term  of  (j))  as 

0(O)A(O,  x)  logN(n)  +  ao(0). 

Let 

=  ao{(p)  + 

neQ>o 

where  (for  n>  t)) 

an(0)  =  Y  «(A0)- 

1  tfF/Q 

Here  Ef  consists  of  all  totally  positive  elements  in  E.  Then,  writing  =  (r,  r)  G 

E*’'{ffi,  0,(j))-£ (r,  0)  -  20(O)A(O,  x)  log  v 
is  of  exponential  decay  as  v  goes  to  infinity.  Moreover,  for  n  >  0 

an(0)  =  logp 

p 

with  an,p{(f)  G  Q(0),  the  subfield  of  C  generated  by  the  values  (f^x),  x  G  V{Af). 

Remark  4.3.  There  is  a  minor  mistake  in  jBKY121  Proposition  4.6])  abont  the  constant. 
The  corrected  form  is 


Eo'{T,0,(j))  =  0(O)A(O,x)  logN(n)  +  ao(0) 

(i.e.,  ao(0)  might  not  be  a  mnltiple  of  0(0)).  Indeed,  direct  calcnlation  gives 
E*{f,  s,  0)  =  0(O)A(s  +  1,  x)(N(n))t  -  (N(n))-f  A(s,  xWoffis,  0), 
where  (when  0  is  factorizable) 

\A\p  ^Lp{s  +  1,  x) , 


WoAsffi)  =  llWo,p{sffip)  =  ll 

p|oo  p|oo 



-W'o,p(s,.#>,) 


is  the  prodnct  of  re-normalized  local  Whittaker  fnnctions.  With  this  notation,  one  has 

(4.5)  ao(0)  =  -A(0,  x)l^o,/(0,  0)  -  20(O)A'(O,  x). 

Here  we  nsed  the  fact  that  Hoj(0,  0)  =  0(0),  which  follows  from  Eq{t,  0,  0)  =  0. 

Notice  that  a{t,  =  0  automatically  unless  n  +  L  represents  t,  i.e.,  t  —  Qpffi)  G  Off  Op. 
The  following  is  now  a  special  case  of  the  big  CM  value  formula  of  Bruinier,  Kudla,  and 
Yang  f|BKY12l  Theorem  5.2]). 
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Theorem  4.4.  Assume  (^1,^2)  =  1-  Let  Ti  =  i  =  1,2,  and  let 

/(^)  =  =  e 

li&L'/L 

he  a  weakly  holomorphic  modular  form  of  SL2(Z)  of  weight  0  with  respect  to  the  Weil 
representation  ojl  o,nd  c(0,  0)  =  0.  Let  '^{z,  f)  he  its  Borcherds  lifting.  Then 


( log  I  'I'(n  ,  /)  1“  +  log  I'S  ((-f,)"". ,  ,  /)  |‘ 

K]eci(fci,2) 

+  log  (-f2)'^“^  /)|^  +  log  |vl>((-fO'^“S  (-r2)"“^  /)r) 

/  \ 


=  2r{di)r{d2) 



IL 

m>0 

\m=Q{fL)  (mod  1) 



Proof.  One  has  by  |BKY12|.  Theorem  5.2] 

/  \ 

log|vl/(Z(lT),/)|^  =  CiW,K)  c{-m,fr)aM,) 


.  fL,  m>0 

\m=Q{fi)  (mod  1) 


/ 


Here 


CiW,  K) 


Aeg{Z{W,z%)) 

A(O.x) 


On  the  other  hand,  one  has  Zcr^  =  (h,  ^2)  and 


[^<72,^1  A2  ] 


by  |YYt  Lemma  3.4,  Proposition  3.6].  So  —  log  \^{Z{W),  /)|^  is  equal  to  the  left  hand  side 
of  the  identity  in  the  theorem  by  Lemma  14.11  On  the  other  hand.  Lemma  14.11  also  implies 


C{W,  K)  = 


2h{ki,  2)h{h2,  2) 

A(0,Xfci/Q)A(0,Xfc^/Q) 

i=l  '  ' 


This  proves  the  theorem. 


□ 


4.3.  The  norm  of  A(ri)  —  A(r2).  Combining  Theorem  14.41  and  Lemma [2.11  we  have 
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Proposition  4.5.  Assume  {di,d2)  =  1.  Let  tj 
depending  on  whether  D  is  odd  or  even.  Then 


with  j  =  1,  2,  and  S{D)  =  1  or  2 


log|  N(A(ri)  -  A(r2))| 


r{di)r{d2) 

26{D) 


j._  m+y/D  ^  1  /n 
t- - 5 

|m|<\/D 


r{di)r{d2) 

26{D) 


Oq, 


where 


ao  =  8ao(0;.2)  -  800(0^3)  -  800(0^,4)  -  Sao{(l)^^)  -  800(0^47)  +  800(0^49)  -  8ao (0^710 )• 


Remark  4.6.  The  appearance  of  d{D)  is  due  to  the  fact  that  there  is  one  Galois  orbit  in 
Z{W)  when  D  is  odd  and  two  when  D  is  even. 


4.4.  Computing  a(:^,0/i5)-  To  prove  the  main  theorem  of  this  paper,  we  need  to  com¬ 
pute  0/i5)  for  t  =  ^  iQp  with  \m\  <  \/1D,  which  occupies  this  subsection,  and 

ao(0^)  for  various  p  =  /i^,  which  will  occupy  the  next  subsection.  We  hrst  set  up  some 
notation.  Let  7(140)  =  7(140,0,,)  be  the  local  Weil  index,  which  is  an  8-th  root  of  unity. 
Then  it  is  known  (see  for  example  [Kud941  (3.4)]) 


=  i  =  =  1. 

pfoo 


We  normalize 


with 


S  +  l 


W0tp(s,0)  =  |T>|p  ^Lp(s  +  l,Xp) 


lTt,p(g,0) 

7(lTp) 


lTt,p(s,0)=  /  UJ{wn{b))(|)p{0)\a{wn{b))\^^pp{-tb)  db, 


and  similarly 


=Vj^^^7r  "2'r(^^)  f  ^^.{wn{b)grj,s)ij{-bt)db. 

^  ./lU 


Then  we  have 


(4.6) 


i=i 


(tj-,  s,  d). 


pfoo 


>,0)- 


Recall  also  (|KRY99l  Proposition  2.6]  that 


s/D 


2i. 


Let  Diff  (IT,  t/'/D)  be  the  set  of  prime  ideals  p  of  F  such  that  ITp  does  not  represent  t/ y/D. 
Then  p  G  Diff(lT,  t/\/F)  if  and  only  if  t  7^  2uu  for  any  u  G  Ep^ ,  i.e.,  p  is  inert  in  E/F  and 
ordp(2t)  is  odd  (recall  that  E/F  is  unramihed),  i.e. 

Diff(lT,  t/\/F)  =  {p  inert  in  E/F  :  ordp(2t)  =  1  (mod  2)}. 
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It  is  a  finite  set  of  odd  order.  It  is  well-known  that  whenever  p  G  Diff(hh,  t/\/D),  one  has 
iyt^p(O,0)  =  0  for  all  0  G  S'(Ihp)  (see  for  example  [YYl  Lemma  2.7]).  So  a(f/\/D,  0)  =  0 
unless  Diff(IY,  f/\/D)  =  {p}  has  exactly  one  prime.  In  this  case,  we  have 


(4.7) 



q  pcx) 


Let  'ip'{x)  =  which  is  unramihed  at  every  prime  ideal  of  F,  and  W  =  W  with 

F-quadratic  form  Q'p{x)  =  2xx.  Then  the  Weil  representations  associated  to  (W,  QfjV’f) 
and  (IY',Q',0')  are  the  same,  and 


W*ZAsA)  =  \D\jWZ(s,4>) 


h'/ 



by  f|5.9|).  So  we  have  in  our  case 


(4.8) 


»(«■■«  =  W;f(sA)  :=  \D\,  ‘Lis  +  I.X,) 

,/T7’v 


M'ih.')-) 

i[w;)  ' 


Vd 


Notice  that  is  unramihed  at  every  prime  p  f  2,  and  we  have  by  Proposition  15.71 


M/*  in  A  ^  -  (+\-  P’ 


In  particular,  W*t  (O,0^g)  =  0  if  and  only  if  p  G  Diff(IY',t)  =  Diff(iy,  t/\/F).  In  such  a 



case,  one  has  by  the  same  proposition 


bPX,(O,0M5)  = 


1  -7  ordp(t) 



So  we  have  proved  the  following  formula:  when  Diff(IT,  f/\/F)  =  {p},  we  have 


(4.9) 


J  =  -4 


Now  we  focus  on  the  local  calculation  at  p|2 


/  log N(P)  n,f,p  p,(t)  n,|2  W.-.f  (0, 4'„)  if  P  t  2. 

n#  p,(t)  n,i2,„.p  ir,:f  (0.  •i>m)  « pi2. 


i 


Lemma  4.7.  Let  t  =  ^  iQp  _  Qp  he  as  above,  and  let  p  be  a  prime  of  F  above 

2.  Then  =  0  unless  a{jji^,t)  =  2/45/45  —  t  G  Op.  Assuming  Q;(/45,t)  G  Op  ,  we 

have  the  following. 

(1)  When  F/Q  is  inert  at  2  with  prime  p  over  2.  Then  p  0  Diff(IY',t),  ordp(2t)  =  0, 
and 

(bf‘^/45)  =  -^Lp{l,  xe/f)  =  ^-bp(l,  XE/F)Pp(2t). 

(2)  When  F/Q  is  ramified  at  2  with  20 p  =  p^-  Then  p  0  Diff(IY',t),  and 

(O,0/i5)  =  -Lp{1,xe/f)- 


THE  LAMBDA  INVARIANTS  AT  CM  POINTS 


25 


Moreover,  assuming  di  =  0  (mod  4),  one  has 

Pp(2t)  = 


2  if  d2  =  1  (mod  8), 
1  if  d2  =  5  (mod  8). 


(3)  When  F/Q  is  split  at  2,  let  6  be  the  square  root  of  D  in  Z2  with  5  =  1  (mod  4), 
and  let  20 p  =  ptpt  with  2t  G  pt  and  2t  ^  pt-  Then 
(a)  one  has  pt  ^  WiEiW' ,t),  ordp^(2t)  =  0,  and 


Xa/f)  -  N-^Pt(l,  XF/F)Ppt(2t). 


(b) 


‘LV'(0,.#.„)  =  P„(i/2)  =  p,.{2tpp). 

In  particular,  the  value  is  zero  if  and  only  z/ordpj(2t)  is  odd  and  E/F  is  inert 
at  pt  (i.e.  pt  G  Diff(W^',  t)j.  In  this  case,  one  has 

=  1(1  +  ordp,(t/2)  +  Lp,(1,xf/f))  logN(pt). 

Proof.  We  use  the  notation  in  Section  [5]  and  shorten  /i  =  /is  =  -*^1 +<^2 + ^  jjp  partic¬ 
ular, 

,  .  m  +  D  dl  —  di  +  dl-d2 

WW  t)  = - ^ ^ - e  Op, 

and  so  a{pi,t)  =  ordp(a(/i,  t))  >  0. 

Case  1:  We  first  assume  that  F/Q  is  non-split  at  2  with  p  being  the  unique  prime  ideal 
of  F  over  2.  Since  t  ^  Op  and  a{pi,t)  G  Op,  we  have  2/i/i  ^  Op  and  thus  ord£;p(2/i)  =  0, 
where  for  z  E 

ordp(2;)  if  p  is  inert  in  E, 

min(ord(B(;2),  ord(§(2;))  if  pOp  =  is  split  in  E. 

So  a{p,,t)  >  ord£;p(2/i)  and  Proposition  15.31  implies 

-f{W',i>')yo\{OE^,dw'x) 

Here  dw'X  is  the  self-dual  Haar  measure  on  Ep  =  W'  with  respect  to  (x,  y')  ha  fj'iflxy),  and 
so  the  volume 

Yo\{OE^,dw'x)  =  1/4. 

Therefore, 


^p 

ordEAz)  = 


=  jLp(l,XE/f). 

2  if4\di,dj  =  l  (mod  8),  i -f- j  =  3. 
1  otherwise. 


as  claimed.  Now  we  check 

Pp(2t)  = 
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Assuming  4\di  (the  case  4\d2  is  the  same)  hrst.  We  have  (notice  that  D  =  di  (mod  8)) 


N£;/i;’(2/i) 


-D  +  y/D  ^  dl-di  ,  dl-d2 
2  ^  4  ^  4 


and  so 


ordp(N£;/i7’(2/i)) 


1  ii  d2  =  l  (mod  8), 
0  if  (i2  =  5  (mod  8). 


Since 

2t  —  N E/F{2fJ^)  =  — 2tt(/x,  t)  G  20 F  =  p^, 

we  have  that  ordp(2t)  is  1  or  0  depending  whether  d2  =  1  (mod  8)  or  5  (mod  8).  This 
proves  the  ramihed  case. 

Next  assume  that  F/Q  is  inert  at  2.  In  this  case,  we  have  (notice  p  =  20 p) 


ordp(N£;/i;^(2/i))  =  ordp(l  +  ^  ^  =  0, 

and  thus  ordp(2t)  =  0,  pp{2t)  =  1.  So  we  have  proved  (1)  and  (2)  of  the  lemma. 

Case  2:  We  now  assume  that  F/Q  is  split  at  2,  i.e.  D  =  1  (mod  8).  This  implies 
di  =  (i2  =  1,  5  (mod  8).  Let  5  =  1  (mod  4)  be  one  square  root  of  F  in  Z2.  Let  pt  be  the 
prime  of  F  above  2  such  that  =  5,  so  =  —5.  It  is  easy  to  check  (  recall 

\fdly/d2  =  —^/D) 

2/1/2  G  Opt  X  (^^Pt  ~  ^pt); 
t  G  Opt  X  (^^Pt  ~  ^pt)) 

as  a{p,,t)  G  Of-  So  Proposition  15.31  asserts  [(3  =  2  and  vo1(Oep^,  =  vo1(Oe-^,  d/jx)  = 
1/2  in  this  case) 

7(1T') 

i.e., 

as  ordpt(2t)  =  0. 

On  the  other  hand.  Proposition  I5.7f2l  gives  when  f  G  pt 


2-^^Pt(l,  Xe/f) 


7(W') 


-^Pt(l,  Xe/f)(1  -  2  Q  +  2  ^  (xpt(7rt)2  Q”. 

0<n<ordp^  (^2) 


Here  tt^  is  a  uniformizer  of  i^P.  In  particular. 
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Moreover,  the  value  is  zero  if  and  only  if  pt  is  inert  in  E/F  (i.e.,  di  =  5  (mod  8)),  and 
ordpj(2t)  is  odd,  i.e.,  pj  G  Diff(ld^',  t).  In  such  a  case, 

=  ^(l  +  ordp,(t/2)  +  Lp,(l,Xi5/i.))logN(pt). 

□ 

In  summary,  we  have  the  following  proposition. 

Proposition  4.8.  Let  t  =  with  \m\  <  \fD.  Then  the  following  is  true. 

(1)  When  I  Diff(hh,  -^)\  >  1,  we  have  =  0. 

(2)  When  Diff(hh,  =  {p}  with  p  f  2,  let  p2  he  the  unique  prime  of  F  over  2.  Then 
we  have 

xe/f)  ^  ^  pE/ri^tp)  logN(p). 

Here 

{2  if  D  =  1  (mod  8), 

1  if  D  =  5  (mod  8), 
i  if  D  =  0  (mod  4). 

(3)  When  Diff(hF,  -^)  =  {p}  with  p|2,  we  have  di  =  62  =  5  (mod  8),  and  20f  =  pp 
where  ordp(2t)  >  0  is  odd  and  ordp(2t)  =  0.  In  this  case,  we  have 

= -^iD)L-p{l,XE/F)  ^  ^  ^  ^  ps/^(2tp)logN(p), 

with  e{D)  =  2  being  as  in  (2). 

Here  is  a  variant  of  the  proposition,  which  will  be  used  to  prove  the  main  theorem. 

Proposition  4.9.  Let  t  =  G  \Of  with  \m\  <  \fD.  Then  the  following  is  true. 

(1)  When  F/Q  is  split  at  2  (i.e.,  D  =  1  (mod  8) ),  write  20f  =  ptpt  with  t  G  0F,pt  (so 
t  4-  ^F,pt)’  one  has 

=  -(^{D)Lp,{1,xe/f) 

p  inert  in  e/f 

(2)  When  F/Q  is  non-split  at  2,  let  p^  =  Of, 2  (ind  pt  he  the  unique  prime  of  F  over  2. 
Then 

= -e(^)^Pt(l,XA/F)  1  +  ordp (2tp^  )  (2tpp^-^)  log N(p) . 

p  inert  in  e/f 
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4.5.  Computing  ao(0^).  Let  and  =  E  with  Q'p{x)  =  2xx  as  before. 

Proposition  5.7  (3)  and  Remark  14.31  imply 


(4.10) 

where 

(4.11) 


d 


ao(0M)  = 


p|2 


L,{s,x)  '  S(LP;)vol(CE„dQix,^')' 


By  Corollary  15.61  one  has  ao{(j)^g)  =  0.  For  other  p^s,  it  is  complicated  and  we  need  to  do 
it  on  a  case-by-case  basis.  The  main  tools  are  Corollary  15.61  and  Proposition  15.71  Let 
(4.12) 

0  if  dj  =  4,  5  (mod  8), 

if  dj  =  0  (mod  8), 
ord2(di  —  1)  —  2  >  1  if  dj  =  1  (mod  8), 


bi  =  ord2(^'  ^  =  ord2(ei+iei+i)  =  <(  1 


and 


Cl  =  ord2((l  +  e2)(l  +  62))  =  ord2(l  -  di  +  =  < 


C2  =  ord2((l  -I-  e3)(l  -F  63))  =  ord2(l  +  d2  + 


d|  —  d2 , 


= 


"0  ifdi  =  0,5  (mod  8), 
1  if  di  =  4  (mod  8), 

>2  if  di  =  1  (mod  16), 

1  if  di  =  9  (mod  16). 

"0  if  d2  =  0,  5  (mod  8), 
1  if  d2  =  4  (mod  8), 

1  if  d2  =  1  (mod  16), 


>2  if  d2  =  9  (mod  16). 

We  denote  p  (or  pj)  for  primes  of  F  above  2,  and  and  IB  (or  fBj  and  iB*)  for  primes  of 
E  above  p  (or  pj).  First  we  have  the  following  table,  where  ap(/i,  0)  =  ordp(2p/i). 


Table  2.  When  does  ap(/i,0)  =  ordp(2p,/i)  >  0? 


di  (mod  8) 

d2  (mod  8) 

ap(p,  0)  <  0 

ap(h,  0)  >  0 

1 

0 

Ri 

hi,  h2,  h3,  h4,  h9,  hio,  hl2 

1 

1 

hi,  h2,  h3,  h4,  h7,  h9,  hlO,  hl2 

1 

4 

h4 

hi,  h2,  h3,  h7,  h9,  hlO,  hl2 

1 

5 

P4,  /i7 

hi,  h2,  h3,  h9,  hlO,  hl2 

5 

0 

hi,  h3,  h7,  h9,  hlO 

h2,  h4,  hl2 

5 

4 

h2,  h3,  h4,  hlO,  hl2 

hi,  h7,  h9 

5 

5 

hi,  h2,  h3,  h4,  h7,  h9,  hlO,  hl2 

Lemma  4.10.  Recall  that  (di,d2)  =  1.  Then  the  following  is  true. 
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(1)  When  di  =  d2  =  5  (mod  8),  one  has  ao{(f)^)  =  0  for  /i  =  fii,  /i2,  fis,  /i4,  /xg,  /xio,  /^i2- 

(2)  When  di  =  5  (mod  8),  and  ^2  =  4  (mod  8),  we  have 


(3)  When  di 


ao(0/.) 


0 


A(0,x) 

3 


5  (mod  8)  and  d2  = 


if  /^2,  A'-s,  h'i,  Wo,  W2, 
■log  2  if  fi  = 

0  (mod  8),  we  have 


Oo(0/i) 


0  z//ii, /i3, /i7, /ig, /iio, 

_A(|x)log2  %f  H  =  10,2,  w,  W2- 


Proof.  Claim  (1)  follows  from  Table  [2]  and  Corollary  15.61  For  (2)  and  (3),  let  p  be  the 
unique  ramified  prime  of  F  above  2  and  let  ®  =  pOe  be  the  unique  inert  prime  of  E  above 

P- 

When  ^2  =  4  (mod  8),  one  has  d2  =  —4  (mod  16)  (as  ^2/4  =  —1  (mod  4))  and  so 
C2  =  1.  As  (1  +  e3)(l  +  63)  e  Q2,  we  have 

^^^^(-(l  +  63))  =  -  ordp(-(l  +  e3)(l  +  63))  =  ord2(-(l  +  e3)(l  +  63))  =  (c2  —  2)  =  —1. 

So  /i  ^  C><B  and  ap(/i,0)  =  0  for  /r  =  101,107,  lOg.  Now  (2)  follows  from  Corollary  15.61 
When  d2  =  0  (mod  8),  one  has  ap(/r,0)  =  0  for  p,  =  w,  Pi,  W2-  So  (3)  follows  from 
Corollary  15.61 

□ 


When  di  =  1  (mod  8),  and  ^2  ^  1  (mod  8),  let  p  be  the  unique  prime  of  F  over  2, 
then  p  =  ipip  is  split  in  E.  Let  ^/df  be  the  unique  square  root  of  di  in  Q2  with  ^/df  =  1 
(mod  4),  and  identify 

E  G  Ep  =  Ef^^  X  =  Fp  X  Fp,  fo  {fo,  fi). 

Let  0e^{p)  =  min(op(p),  Op(/2))  as  in  fl5.4ll.  Direct  calculation  gives  the  following  table: 


Table  3.  0E^{2fi) 


d2  =  5  (mod  8) 

d2  =  0  (mod  8) 

d2  =  4  (mod  8) 

Pi  =  ^62(1  +  63) 

0 

0 

1 

p2  =  ^6263 

0 

1 

0 

Ps  = 

0 

0 

0 

P4  =  2^3 

0 

1 

0 

p7  =  +  W) 

0 

0 

1 

P9  =  ^(1  +  +  63) 

0 

0 

1 

Pio  =  +  62) 

0 

0 

0 

P12  =  ■563(1  +  62) 

0 

1 

0 

Notice  also  that  ap(p,  0)  =  ordp(2pp)  <  0  for  p  =  pe  always  and  for  p  =  py  with 
d2  =  0,  5  (mod  8)  and  for  p  =  p4  with  d2  =  4,  5  (mod  8). 
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Lemma  4.11.  Assume  that  di  =  1  (mod  8),  and  ^2  ^  1  (mod  8).  Then  =  0,  and 

(1)  When  d2  =  5  (mod  8),  one  has 


®o(0/^,) 


0  */j=4,7, 

■^^log2  z/j  =  1,2,3,9,10,12. 


(2)  When  d2  =  0  (mod  8),  one  has 

'o 


A(0y) 


log  2 


ifj  =  4,7, 
z/j  =  1,3,9,10 


-A(0,x)log2  tfj  =  2,12. 
(3)  When  d2  =  4:  (mod  8),  one  has 


0 



A(o,x) 


log  2 


ifj  =  4,7 
z/j  =  2,3,10,12. 


-A(0,x)log2  ifj  =  1,9. 


Proof.  Let  /x  =  /^i, /i2,  As,  A95  Aio,  A12,  then  ap(/i,  0)  >  0.  We  see  that  if  0E^{2fi)  =  0  then 
only  one  of  fi  and  p  belong  to  Op^-  We  can  also  check  directly  that  if  OEf,{2fi)  =  1  then 
ap(A;0)  ^  again  only  one  of  fi  and  p  belong  to  Opp-  Then  using  table |3l  equations 

(I4.10|l ,  (14. lip  and  Corollary  15.61  we  can  get  the  formulae  in  the  lemma  by  noticing  that  2  is 
inert  in  F  if  d  =  5  mod  8  and  ramihed  otherwise.  The  cases  fi  =  fiA,  fij  can  also  be  dealt 
with  similarly  by  noting  that  both  fi  and  Ji  belong  to  Opp  in  both  cases. 

□ 

Finally,  we  deal  with  the  case  di  =  ^2  =  1  (mod  8).  In  this  case,  we  have  the  following 
lemma. 

Lemma  4.12.  Assume  di  =  1  (mod  8)  with  i  =  1,2.  We  have 

z/j  =  3,4,7,10, 

«o(0mJ  j_A(o,;^)log2  ifj  =  1,2,9,12. 

Proof.  Write 

20f  =  P1P2,  PiOp  = 

Let  \fdi  =  1  (mod  4)  G  Z2  be  the  prehxed  square  roots  of  di  and  let  \fD  =  —\fd[y/d2  G  Z2. 
We  identify  Fp^,  Fsp.,  and  E<^.  with  Q2  as  follows: 

Tp,  =  Q2,  \/F  ^  (-l)*-l^/:D, 

7^‘Pi  —  Q2,  eA  (  —  1)*  ^\fD,  \/di  I— )■  \/^i, 

—  Q2,  eA  (  —  1)*  \/di  eA  —■\/~di. 

We  also  £x  the  following  embedding 


F  C  F 


—  X  Fqjj  X  Frp2  X  Fqj^  — 
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such  that 


62  6A  (62,  62,  62,  62),  63  I— )■  (63,  63,  63,  63). 

With  this  identihcation  and  direct  calculation,  we  have  Table  01 


Table  4.  Valuations  of  fi —  when  di,  ^2  =  1  (mod  8) 


h 

ordfpj  p 

ordip^  h 

ordfp2  h 

ord$2  h 

h  e  ? 

h  e 

62 

>  1 

0 

0 

>  1 

Yes 

Yes 

1  +  62 

0 

>  1 

>  1 

0 

Yes 

Yes 

63 

0 

>  1 

0 

>  1 

Yes 

Yes 

1  +  63 

>  1 

0 

>  1 

0 

Yes 

Yes 

hi  =  ^^2(1  +  63) 

>  1 

-1 

>  0 

>  0 

No 

Yes 

h2  =  ^6263 

>  0 

>  0 

-1 

>  0 

Yes 

No 

h3  =  -562 

>  0 

-1 

-1 

>  0 

No 

No 

h4  =  2^3 

-1 

>  0 

-1 

>  0 

No 

No 

/^6  9 

-1 

-1 

-1 

-1 

No 

No 

hr  =  ^(1  +  63) 

>  0 

-1 

>  0 

-1 

No 

No 

h9  =  i(l  +  62)(1  +  63) 

>  0 

>  0 

>  0 

-1 

Yes 

No 

hio  =  ^(1  +  62) 

-1 

>  0 

>  0 

-1 

No 

No 

hl2  =  ^63(1  +  62) 

-1 

>  1 

>  0 

>  0 

No 

Yes 

By  flTTOl)  and  fITTTD.  we  have 


=  -A(0,x) 


ds 


A 


with 


Wo,p.  (s,  0^)  = 


1  1-2 


-I  s=0 


2  1  -  2-1-"  7(W;.)  vol(C>Bp, ,  d2x) 


When  /i  ^  Oe^.,  (s,  0/i)  is  a  polynomial  of  2  and  so 


l^o.p^(O,0;.)  =  0 


and 


i„  =  1  K,(0,4>,)  ,  „ 

«.d  ^(wn,o\(0.,d2x)'°^  ■ 


This  implies  that  ao{(j)^)  =  0  for  p  =  /r3,  p4,  py,  pio- 

When  p  G  Oe<^.,  <P^i  =  0o,  one  has  by  Proposition  15 .713) 


l^o,p,(s,  0m)  =  1  +  0(1  “  2  ^)  •  (  polynomial  of  2  ^). 


Thus  lTo,p^.  (0,  0^)  =  1. 
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For  /i  =  /r2,  the  table  shows  that  fi  G  and  /i  ^  so  we  have 

ao(0/.)  =  -A(0,x)1^o,pi(0,X/.2)^o,p2(0>‘/’m2)  =  -A(0,x)  log  2. 
The  cases  for  fig,  fii2  are  similar  and  left  to  the  reader. 


□ 


In  snmmary,  we  have  the  following  lemma  which  is  needed  to  prove  Theorem  11.41  and 
Proposition  11.31 

Proposition  4.13.  The  following  are  true. 

(1)  One  has 

8ao(0M2)  -  8«o(0/.3)  -  8ao(0/.4)  -  8ao(0;,6)  -  800(0^,7)  +  800(0^,9)  -  8ao(0;,io) 

{4  i/ (di,  ^2)  =  (1  mod  8, 1  mod  8), 

1  if{di,d2)  =  {l  mod  8,0  mod  4)  or  (0  mod  4, 1  mod  8), 

0  otherwise. 

(2)  One  has 

®o(0/i2)  ~  ^0(0^13)  +  ®o(0At4)  “  ~  ®o(0Mio)  +  ®o (0^112) 

{0  if  di  =  5  (mod  8),  ^2  =  4,  5  (mod  8), 

—1  if  di  =  5  (mod8),d2  =  0  (mod  8), 

—2  if  di  =  d2  =  I  (mod  8). 

(3)  One  has 

Oo(0Ml)  ~  ^0(0^3)  ~  ®o(0At6)  +  ^0(0^7)  +  ®o(0Ai9)  ~  (0/710 ) 

{0  if  di  =  5  (mod  8),  ^2  =  0,  5  (mod  8), 

—1  if  di  =  5  (mod  8),  ^2  =  4  (mod  8), 

—2  if  di  =  d2  =  1  (mod  8). 

Proof  of  Theorem  11.41  Now  Theorem  11.41  follows  from  Propositions  14.51  14.91  and 
I4.13llh  and  the  fact  that 


A(0,  x)  =  A(0,  Xfc4/Q)A(0,  Xk^/o)  = 


Ahih2 

W1W2 


Proof  of  Proposition  11.31  Take  d2  =  d,  T2  =  t  =  Choose  some  di  <  —4  with 

{di,d2)  =  1,  then  we  have  by  Corollary  13.41  and  Theorem  14.41  (recall  Aq  =  that 

log  I  N(Ao)|  =  ~ ^2)8(00(0^2)  ~®o(0/73)  +  ®o(0/74)  ~®o(0/76)  “®o(0/7io)  +ao(0/7i2))) 
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Now  applying  Proposition  14. 13l  (2) .  we  obtain  via  a  little  calcnlation 

{0  if  d  =  4,  5  (mod  8), 

2h  if  d  =  0  (mod  8), 

Ah  if  d  =  1  (mod  8) 

as  claimed.  The  same  argument  with 

log  I  N(l  — Ao))|  =  — ao(0;^3)— ao(0;,6)+ao(0;^7)+ao(0^9)— ao(0;^io)) 
gives  the  desired  formula  for  |  N(1  —  Ao))|.  This  proves  Proposition  11.31 


4.6.  Proof  of  Theorem  11.61  In  this  subsection,  we  will  study  the  set  A/'(di,  d2)  and  prove 
Theorem  11.61  For  an  imaginary  quadratic  held  k  =  Q(\/d),  set  Wg  ajgo  write 

0  _  !k±^  0  _  Denote 


Ai  —  A,  A2  —  1  —  A,  A3  —  — ,  A4  — 


A 


A-r 


A.'i  — 


A-1 


and  Ar  = 


1- A 


Then  the  values  A(r),  r  G  CM(fc,  2),  are  determined  up  to  Galois  conjugation  by  Ai(r°), 

1  <  i  <  6. 


Lemma  4.14.  Let  a{d)  =  h{k,2)  or2h{k,2)  depending  on  whether  A\d  or  not.  Then 


A/'(di,d2)  =  U  {|N(A(r{')  -  Ai(r2°))|  :  1  <  f  <  6} 
N(A(r°)  -  A.(r°)) 
N(A(rO)“G2))  N(Ai(r2°)“(^i)) 
N(A(r°)  -  A.(r2°)) 

N((l  -  A(rO))“G2))  N((l  - 


:  1  <  i  <  6 


1  <  i  <  6 


Proof.  For  t/  G  CM(fc;,  2)  with  /  =  1,  2,  we  may  assume  (up  to  Galois  conjugation)  A(ri)  = 
Ai(r°)  and  A(r)  =  Aj(r2)  for  some  i.  Simple  computation  gives 


Kp)  -  K'T2)  =  A*(r{’)  -  =  ± 


A(r{>)  -  A(r') 

(l-A(rD)(l-A(r')) 


if  i 
if  i 
if  i 


1,2, 

3.5, 

4.6. 


Now  write  A(r2)  =  Aj(r2)  for  some  i.  Taking  norm  on  both  sides  of  the  above  identity 
proves  the  lemma.  □ 


Let 

AAo(di,  d2)  =  {|  N(A(r{>)  -  A,(r2°))|  :  1  <  *  <  6}  =  {|  N(A(rO)  -  A(r2))|  :  r2  G  GM(fc2,  2)}. 
Then  |A/o(<^i,  ^^2)!  =  1  when  d2  =  5  (mod  8)  and  |A/o(c^i,  <^2)!  <  3  otherwise  by  Proposition 
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Lemma  4.15.  Assume  di  =  1  (mod  8)  and  ^2  ^  5  (mod  8).  Then  \Afo{di,d2)  \  =  2.  More 
precisely,  write  Afo{di,d2)  =  {q!,/5,7}  with 

a  =  |N(A(r?)-A(r°))|  =  |N(A(r?)-A2(r°))|, 

13  =  |N(A(n“)-As(7))|  =  |N(A(rf)-A5(7))|, 

7  =  |N  (A(?-!')  -  A4(tJ))|  =  |N  (A(7-,")  -  A6(Tj))i  . 

Then  the  following  are  true. 


Table  5. 


d2  (mod  8) 

4 

0 

1 

a  =  {3 

a  =  7 

13  =  7 

Table  6.  2-parts  in 


d2  (mod  8) 

4  or  0 

1 

ord2(a) 

2hih2 

8hih2 

ord2(d) 

-4:hih2 

-Ahih2 

Here  a  is  the  element  of  {(3,'y}  that  is  different  from  a. 

Proof.  Proposition  II .21  asserts  that  A(r°)  and  1  —  A(r{’)  are  Galois  conjugates  of  each  other. 
So 

I  N(A(r?)  -  A,(r°))|  =  |  N(A(r°)  -  (1  -  A.(r°))|, 
which  justify  the  two  formulas  for  a,  f  and  7.  Table[5]also  follows  directly  from  Proposition 

o 

Notice  that  Aj(r2),  1  <  i  <  6,  are  the  six  roots  of  /(A,j(r2))  in  equation  fll.ip.  So  we 
have 



In  particular, 


2=1 

6 



2=1 


On  the  other  hand,  A(r°)  is  also  a  root  of  /(A,  j(r°)).  Therefore, 

6 

(4.13)  256  JJ(A(r{’)  -  Ai(r2°))  =  256(/(A(r°),  j(r2°))  - /(A(r°),  j(r°))) 


2=1 


=  (j(ri°)-j(r2°))A(riY(l-A(r{>))l 

Let  H{ki,2)  be  the  ray  class  held  of  Q(\/di)  of  modulus  2,  i  =  1,2.  Then  we  have 
[H(ki,2)  :  Q]  =  2hi  by  Lemma  l2.ll  and  we  also  know  that  H(ki,2)  and  H(k2,2)  are 
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disjoint  by  Lemma  l4.ll  Taking  norms  in  H{ki,2)H{k2,2)/Q  on  both  sides  of  equation 
fITTTD.  we  have 

256-'-'‘»(a/37)=  =  (NOK)  -  ^(r")))-  N(A(r?))"‘=  N((l  - 
Applying  Proposition  11.31  we  obtain 
(4.14)  = 

By  the  Gross-Zagier  singular  moduli  formula  f|GZ85j.  |Dor88j .  or  |YY[  Theorem  1.1]), 
we  have  ord2(N(j(r{’)  —  JiT^)))  =  0.  On  the  other  hand,  Theorem  11.41  implies 

'  1  2hih2  if  d2  =  0  (mod  4). 


Now  Table [6] follows  from  Tableland  fl4.14p. 


□ 


Proof  of  Theorem  11.61  Now  we  are  ready  to  prove  Theorem  11.61  If  one  of  the  dj  =  5 
(mod  8),  for  example,  we  assume  ^2  =  5  (mod  8).  Then  Lemma  [4.141  and  Proposition  11.31 
imply 

Af(di,d2)  =  jo,  N(A(rO))“GO’  N(1  -  A(rO))“GO 

Proposition  11.31  shows  that  |A/'(di,d2)|  =  1  or  2  depending  on  whether  di  =  5  (mod  8)  or 
not. 

Now  assume  that  d*  ^  5  (mod  8).  Then  we  may  assume  di  =  1  (mod  8)  as  (di,  d2)  =  1. 
Lemmas  14.141 14.15(  and  Proposition  11.31  imply 


A/’(di,  d2)  =  <  a. 


2-8hl/A2^ 


2-8hih2^ 


(1/  X 

N(A(rO))2^i’  N(l- A(r°))2^i’  ’  N(Ai(rO))2^i  ’  N(1  -  A,(r0))2'^i)  J  ’ 

where  a  =  N(A(r{’)  —  Aj(r2))  7^  a  for  some  i  as  in  Lemma [4.151 

When  d2  =  1  (mod  8),  then  Proposition  11.31  and  Lemma  [4.151  show  that 

AA(di,d2)  =  [a,  a,  2-^’^^’^^a} 

has  cardinality  4  as  their  2-adic  valuations  are  distinct:  8/11/12,  — 8/ii/i2,  — 4/ii/i2,  —12hih2- 
Similarly  one  has  for  d2  =  4,  0  (mod  8), 

M{di,d2)  =  {a,  d,  2-^'^^^^a] 

which  has  cardinality  5.  This  proves  the  theorem. 


2-8hife2^ 


2-8M/a2^ 


5.  Appendix  A:  Explicit  formulas  for  Whittaker  functions 

Let  E  be  a  finite  held  extension  of  Qp  with  ring  of  integers  Op  and  a  uniformizer 
TT  =  Tip.  We  denote  by  |  •  |  the  valuation  of  F.  Let  E  be  a  quadratic  etale  extension  of 
E,  including  F  x  F,  with  ring  of  integers  Op  and  a  uniformizer  Tip,  and  let  x  =  Xe/f  be 
the  associated  quadratic  character  of  E^.  Let  "0  be  an  unramihed  additive  character  of  E, 
and  let  'ipp  =  °  tr^/F-  Fix  0  7^  /3  G  Op,  and  let  W  =  Wp  =  E  with  E-quadratic  form 
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Q/six)  =  (3xx.  Let  oj  =  be  the  Weil  representation  of  G  =  SL2(-F)  on  S'(hL)  =  S{E) 
associated  to  the  reductive  dual  pair  {0{W),  SL2),  and  let 

(5.1)  \:  S{E)  ^  X{(l)){g)  =u{g)(j){0). 

Let  G  I{s,x)  be  the  associated  standard  section,  given  by 

^0(^,5)  =  X{(j)){g)\a{g)\% 

where  |a(5f)|  =  |a|  ii  g  =  n{h)m{a)k  with  b  E  E,  a  E  E^ ,  and  k  E  SL2(C>_f)-  Recall  that 
n{b)  =  {l\),  m(a)  =  (“^°i)  andu;  =  (°-i). 

The  Whittaker  function  of  $0  (and  thus  0)  is  defined  to  be 

(5.2)  Wt{g,s,(j))=  [  ^^{wn{b)g,s)ilj{-tb)db, 

Jf 

where  db  is  the  self-dual  Haar  measure  on  E  with  respect  to  "0,  i.e.,  yo\{Of)  =  1-  The 
purpose  of  this  appendix  is  to  compute  the  Whittaker  function 

m(s,0)  =  m(l,s,0) 

explicitly  in  the  general  case,  which  is  of  independent  interest  in  addition  to  the  applications 
in  Section  m  Various  special  cases  have  been  appeared  in  |Yan05].  |HY12t  Section  4.6], 
and  |KY10j.  Notice  that 

S{E)  =  IJ  Sl, 

LcOe,  ideal 

where  Sl  is  dehned  in  Section  13.11  We  can  and  will  assume  (j)  =  (j)^  =  Char(/i  -|-  L)  in  the 
following.  Via  shifting,  we  can  and  will  further  assume 


(5.3)  L  =  Oe,  Q^(x)  =  fdxx. 

So 

L'  =  {x  E  E  ■.  ii{{x,y))  =  1,  for  all  y  E  Oe)  =  {(3dE/F)~^OE- 
We  denote  o(x)  =  oid-^x  for  x  E  E,  and 


(5.4) 


Oi?(/i)  = 


ord^^(/x) 


if  E/E  non- split. 


min(o(/ii),  o(/i2))  if  E  =  E  x  E,  y  =  (pi,  ^2)- 


We  also  write  /  =  ord,ri;(^E/F)  and  e  =  e{E/E)  =  1,  or  2  for  the  ramification  index. 
Dehne  the  generalized  Gauss  integral  for  y  E  E/Oe  and  b  E  E^  to  be 


(5.5)  =  /  'ip{bxx)dx, 

J  fl+OE 

where  dx  is  the  standard  Haar  measure  on  E  with  \o\{Oe,  dx)  =  1.  Let  dpx  be  the 
self-dual  Haar  measure  on  Wy  =  E  with  respect  to  'i/!{{x,y))  =  t/iiiE/F  (ixy).  Then 

dyx=  \l3\\dE/F\^dx,  i.e.  Yo\{OE,dpx)  =  \l3\\dE/F\^- 
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Proposition  5.1.  Let  ip  he  an  unramified  additive  eharaeter  of  F,  and  Wjs  =  E  with 
F-quadratie  form  Q/si^z)  =  fizz  with  0  7^  /9  G  Op.  Let  L  =  CLaiifiDE)  and  n  E  L' .  Then 




7(/3)  vol(C>B,  dpx) 
where  ■y^fi)  =  yiWfi)  is  the  loeal  Weil  index  ofWp  and 

_  I  IoF^vibfi)H-tb)db 


n{l—s) 


(5.7) 

Moreover, 
Proof.  Since 


one  has  by  definition, 


Jilin)  = 


ifn  =  0, 

f^x  Iiiibfin~^)fi{—tb7i~"')db  ifn>0. 


Jf,iO)  =  Char(C>ir)((5^(/i)  -  t). 
|a(tan(6))|  = 


1  if  6  G  Of, 

|6|-i  iib^Op, 


yifi)  vol(C>E,  df}x)  vol(C>£;,  dpx)  Jp  Jp 

=  f  I^ibfi)fi{—tb)\aiwnib))pdb 


fiibQi3ix))(l)fj,ix)di3x\aiwnib))fifi{—tb)db 


J  F 

00 


'^Jiiin)q 


,n(l— 5) 


n=0 


Next, 


JJO)  = 


/  dx  fiibiQisix)  —  t))db 

'ii+Oe  Jof 


=  /  C\idxiOF)iQi3ix)  —  t)dx 
J 11+0  E 

=  Char(0^)(g^(/i)-t) 


as  claimed. 


□ 


Lemma  5.2.  Let  fi  G  EjOp  and  b  E  F^ . 

(1)  When  n  =  0,  one  has 

( 1  ifbE  Op, 

xib)\h\~^  if  b  ^  Op,  E/F  unramified, 

0  if  —  f  <  o{b)  <  0,  E/F  ramified, 

\xXib)\b\~^q~iy{Wi)  if  o{b)  <  — /,  E/F  ramified. 

(2)  When  jj,  fi.  Op  and  E/F  is  unramified  (inert  or  split),  one  has 

Iiiib)  =  ipihpfi)  Char(C>E)(6/i). 


m  =  { 
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(3)  When  /i  ^  Oe  and  E/F  is  ramified,  one  has 

( 'ipibfifi)  Ch&T{d~^^p){bfi)  if  be  Of, 

=  \  V’(%  +  a)(/^  +  a))  tf  0  <  m  <  OE{fi)  +  f, 

[o  ifm>OE{fi)  +  f. 

Here  m  =  —o{b)  >  0. 


Proof.  We  first  consider  the  case  /x  =  0.  The  case  E  =  F  x  F  is  trivial.  Assume  that  E  is 
a  quadratic  held  extension  of  F .  Then  |HY12i  Lemma  4.6.1]  implies 


hip)  =  /  fi{bzz)dz  =  C  /  fi{bx){l  +  x{x))dx, 

Joe  Jof 

with  C  =  1  or  i(l  +  q~p  depending  on  whether  E/F  is  ramihed  or  not.  When  E/F  is 
ramihed,  the  calculation  in  |HY121  Page  60]  gives  (1)  for  p  =  0.  When  E/F  is  inert,  a  is 
unramihed  and  xi'^)  =  b  ^  Of,  write  m  =  —o{b)  >  0,  then  one  has 


'Of 


'i/j{bx)xix)dx  =  q  /  'p{7r^bx)dx 

n=o  Jof 

OO 

g“”x(7r)''(Char(C>^)(7r"6)  -  q-^  Char(C>^)(7r"+i6)) 

—xib)\b\~P 


n=0 

OO 

(i-V) 

n=m 

2 


1  +  q~ 


So  one  has  for  b  ^  Of, 

Io{b)  =  xib)\b\-^ 

as  claimed.  For  b  e  Op,  it  is  trivial.  This  takes  care  the  case  fi  e  Op- 

Next,  we  assume  that  /i  ^  Op  and  E/F  is  unramihed.  When  G  Op,  one  has  b  e  Op 
and 


hP>)  =  Pibfifi)  /  ipiii E ! Fib^z))'rpibzz)dz  =  ipib^fi)  /  'ilj{bzz)dz  =  ipib^h)- 


'Oe 


'Oe 


When  bfjL  ^  Op,  and  b  e  Op,  the  same  computation  gives 

IfiP>)  =  Pibiap,)  /  Pit! E/Fibflz)))dz  =  0 


JOe 

Finally,  when  6/i  ^  Op,  and  b  ^  Op,  A  substitution  z  i-e-  z  +  b~^u,  u  e  Of.,  gives 

4(6)  =  ijjitrE/F{ufL))If,ib). 

Since  there  is  u  G  Of  such  that  fjitTp/piufi))  7^  1,  one  sees  that  4(6)  =  0.  This  proves 

(2). 


THE  LAMBDA  INVARIANTS  AT  CM  POINTS 


39 


Finally,  assume  that  /i  ^  Oe  and  E/F  is  ramified.  The  case  b  G  Op  is  the  same  as  in 
the  proof  of  (2).  Now  assume  b  ^  Op,  so  m  =  —o{b)  >  0. 

LW=  E  /  'ip{bxx)dx 

=  ^  +  «)(h  +  «))  /  iiE{b'K'^{^,  +  a)x)dx 

=  ^(^(h  +  «)(h  +  a))Char(a^/p)(67rE(/i  +  a)) 

a&OE/TT'g 

=  q-m  ^  ?/;(6(;i  +  a)(/i  +  a))Char(ag/p)(67rE/i). 

a^OEl-r^^ 

Now  (3)  is  clear. 

□ 


We  denote 

(5.8)  a{jj.,t)  =  Qpin)  -  t  =  [dfip.  -  t,  a{iJ,,t)  =  o{Qi3{h)  -  t)  =  o{/3nfi  -  t). 

Proposition  5.3.  Assume  that  E/F  is  unramified  and  0  7^  /r  G  E/Op.  Then  Wt{s,(()^)  = 
0  unless  a{ti,t)  G  Op,  i.e.,  a{fi,t)  >  0.  Moreover, 

=  I  Eo<n<a(M,p  */  0  <  t)  <  opifiti), 

l{fi)  vol(C>E,  d0x)  [  (1  -  q-^)  J2o<n<OE{M  +  qOEiMi^-s)  >  Opifiix). 

In  particular,  1W(O,0^)  =  0  if  and  only  if  a{fi,t)  <  op^fifi).  In  such  a  case, 

^  f  (Eo<n<a(M,p  (f')  ^  <  OEifih), 

^{(3)Yo\{OE,dpx)  if  a{iJ,,t)  <  0. 

Proof.  Since  E/F  is  unramified,  one  has  dp/p  =  Op,  /  =  0  and  Tip  =  tt.  When  0  <  n  < 
o(/d),  one  has  for  b  G  C>^  by  Lemma 

If^Wbir-^)  =  fjiTr-^bQyiyi))  ChaT{Op){bfi/37r-^). 

So  J^{n)  =  0  for  77,  >  op{/3p.).  When  0  <  n  <  op{(3p),  one  has 

=  [  '4’{M'^b{Q y{p)  -  t))db 
Jof 

=  Char(7r"C>F)(Q/3(/i)  -  t))  -  q~^  Char(7r”"^C>i7)((5;3(/i)  -  t)). 

So 

'  =  Char(C>p)(Q^(;,)  -  «))+ 

7(/f)  vol(C'£;,  dpx) 

Y,  [Char(7r"0^)(Q^(/i)  -  t))  -  q-^  Char(7r-iO^)(Q^(p)  -  t))] 

0<n<OE(yr) 
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Now  a  simple  calculation  proves  the  proposition.  □ 

Proposition  5.4.  Assume  that  E/F  is  ramified  with  f  =  OE^dE/p)  =  o^dp/F)  0  7^ 
fi  G  E/Oe-  Then  Wfis,  =  0  unless  a{fi,  t)  >  0.  Write  a  =  o{fi)  +  [|(o_b(/4)  +  /)],  where 
[x]  is  the  largest  integer  less  than  or  egual  to  x. 

(1)  When  opifr)  +  f  <  0,  i.e.,  ^  one  has 

Wtis,(p^)  =  /  Eo<n<a(M,p  t)  <  a, 

7(/3)  vol(C>E,  dpx)  [  (1  -  g-®)  J2o<n<a  a(/4,  t)  >  a. 

(2)  When  opiti)  +  f  >  0,  i.e.,  ^  E  TTEdfijp  ~  ^e,  one  has 


Wfis,cl>,) 

-f{/3)Y0\{0E,dgx) 


(1  -  9-) 

0<n<a{fi,t) 


if  a(/i,  t)  <  o{l3)  and 


'^{(3)  yo\{Oe,  dgx) 


_|_  qO{d)Ws) 

0<n<o(/3) 

+  Y.  Y 

o{g)<n<o{g)+OE{u)+f  a&OEl-n:'fr°^^'' 

[Cliar(7r"C>i?)(a(p  +  a,  f))  —  q~^  Char(7r"“^C>i?)(a(p  +  a,  t))] 


ifa{n,t)  >  o{/3). 

(3)  One  has  Wt{0,cj)ff)  =  0  if  and  only  if  a{fi,t)  <  min(o(/9),  a).  In  such  a  case, 


^  f  (Eo<n<a(/.,t)  g'")  log  g  «/  0  <  a(/r,  t)  <  min(o(/3) ,  a) , 
^{(3)Yo\{OE,dpx)  ifa{fi,t)<0. 

Remark  5.5.  When  p  7^  2,  /  =  1,  the  second  sum  in  Proposition  15.41^21  does  not  appear, 
the  resulting  formula  is  the  same  as  the  unramihed  case.  In  general,  /  <  1  +  o(2),  the  last 
sum  is  manageable  when  o(2)  =  ordTr  2  is  small.  However,  the  ramihcation  index  /  can 
be  arbitrarily  large  when  F/Q2  has  arbitrary  large  ramihcation,  and  the  sum  can  become 
complicated.  We  refer  to  [YanOdt  Appendix  A]  for  an  explicit  way  to  compute  /. 

Proof.  Assume  opitr)  +  /  <  0  hrst.  For  b  E  Of,  Lemma  |5Y] implies 


WbTT-^)  = 


fi{Qp{qb)b'K  ”■)  if  n  <  a, 
0  if  n  >  a. 
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When  n  <  a,  one  has  then 


1  'Ipi'X 

—  t)b)db 

of 

\l-q- 

^  if  n  < 

min(a(/i,  t),a), 

W' 

if  n  = 

a{fi,  t)  -\- 1  <  a. 

0 

if  n  > 

a{pi,t)  +  1. 

Applying  Proposition  15.11  we  obtain  (1). 

Now  assnme  that  OE{fi)  +  /  >  0.  When  m  =  n  —  o{/3)  <  0,  we  have  with  the  same 
calcnlation 

{1  —  q~^  if  n  <  min(a(/i,  t),  o(/3)), 

-q~^  if  n  =  a(/i,  f)  +  1  <  o(/3), 

0  if  n  >  a(/i,  t)  +  1. 

When  m  >  0,  i.e,  n  >  o(/9),  Lemma  [5.21  implies 

Y.  +  a)). 

and  so 

Mn)  =  q-^  [Char(7r"0^)(Q^(p  +  a)  -  t))  -  q-^  Char(7r"-i(P^)(g^(/i  +  a)  -  f))]  . 

Now  (2)  is  clear.  Claim  (3)  follows  from  (1)  and  (2). 

□ 


Corollary  5.6.  Assume  jj,  ^  E  —  Oe- 
When  a(/i,  0)  >  0,  the  following  is  true. 
(1)  When  E/F  is  non-split,  one  has 

Wo{s,<f,) 

7(/?)  vol(C>E,d/3x) 


Then  Wo{s,(j)^)  =  0  unless  a(/i,  0) 


=  (1  -  r‘)  Y 

0<n<a(//,0) 


In  particular,  Wo(O,0^)  =  0,  and 

W^o(O,0/.) 

7(/3)  vol(C>£;,  djsx) 


0<n<a{fL,0) 


o(/3jj./T)  >  0. 


(2)  When  E  =  F  ®  F  is  split  over  F  and  fv  =  (pi,  p.2)  G  one  has 

So<n<a(M.O)  */  W,  T2  ^  Op, 

7(/3)  vol(C>E,  dpx)  \  (1  -  <?"^)  Y.o<n<OE{pii)  if  only  one  of  pi  and  112  is  in  Op- 

In  particular 

^o(0>/.)  _  fEo<n<a(M,0)?”log?  W,  t^2  ^  Op, 

7(/3)  vol(C>E,  dgx)  I  Eo<n<o£(/3/.)  ^^g  ?  “  q°^^hv)  log  q  if  only  one  of  pi  and  p.2  is  in  Op. 
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Proof.  Since  /i  ^  Oe,  a(/4, 0)  =  o((3^fj.)  <  oe^I^p)  when  E/F  is  inert,  and  a(/i,  0)  < 
niin(o(/9),  a)  when  E/F  is  ramihed.  This  implies  (1)  by  Propositions  15.31  and  15.41  The  hrst 
part  of  (2)  is  the  same.  On  the  other  hand,  if  one  of  /ij,  say,  ni  G  Of,  one  has 

a(/i,0)  =  o(/3/ii/i2)  >  o(/3/i2)  =  OE(/3/i). 

Proposition  15.31  implies  this  case  too. 

□ 


The  case  /r  =  0  is  already  computed  in  |HY121  Section  4.6]  using  a  slightly  different 
method.  There  are  some  minor  errors  there.  We  record  the  correct  results  here  for  the 
convenience  of  the  reader. 

Proposition  5.7.  f|HY12l  Proposition  4.6.2]j  Assume  that  E/F  is  unramified  and  let 
t  G  F^ .  Then  =  0  unless  t  G  Of-  Assume  t  G  Of-  Recall  that  x  =  Xe/f  is  the 

quadratic  character  of  F^  associated  to  E/F. 

(1)  When  o(t)  <  o{(3),  one  has 



xil3)yo\{OE,d0x) 


0<n<o{t) 


In  particular,  lTt(O,0o)  =  0. 

(2)  When  o{f)  >  o{(5),  and  t  ^  0,  one  has 


Wfs,cPo) 


'y{f)yo\{OE,dfix) 
In  particular, 


=  (1-0  E 

0<n<o(/3)-l 


gii(l-s)  _| _ i 



L{sPl,x) 


(^(^)^' 


0<n<o(t//3) 


i(l.x) 


w,{o,M 


-1-1)  if  E/F  is  split, 


Xif)  yofOE,  dpx)  \  e/F  is  inert. 


Moreover,  lW(O,0o)  =  0  z/  and  only  if  E/F  is  inert  and  o{t/ (3)  is  odd.  When  this 
is  the  case,  one  has 



w;{o,cfo) 


7(/3)  vol(C>£,  dyx) 
(3)  When  t  =  0,  one  has 


^o(/?)Ord^(t//j)  +  1  1  - 


q{l  -  g-2)  _ 


log(g). 


Wo{s,4>o) 


xif3)yo\{OE,dyx) 


n  _  O(l-s)  I  o(/3)(1-s)_MY^ 


O<n<o{0)  —  1 


Lis  +  l,x)' 
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Proof.  First  assume  t  ^  0.  By  Proposition  15.11  and  Lemma  [5.2r2i.  Jo(0)  =  1  and 
for  0  <  n  <  o(/5), 

Jo{n)  =  f  'ip{—Ti~'^bt)db 
Jol 

Char(7r”(Pi?)(t)  —  q~^  Char(7r"'“^C>ir)(t)  if  t  7^  0, 

1  —  q~^  if  f  =  0. 

and  for  n  >  o(/5), 

Jo(n)  =  f  x{b/37i~"')\b(3n~'^\~^'il!{—7i~'^bt)db 

Jof 

^(7r)"(/5)-"go(/3)-"-(Char(7r"'C>i7’)(f)  —  q~^  Char(7r"'“^C>ir)(t))  if  t  7^  0, 
^(^)o(/3)-n^o(/3)-n(i  _  if  t  =  0. 

When  f  7^  0  and  o{t)  <  o{j3)  we  have  by  fl5.6l). 


Wt{s,<fo) 


7(/3)  vol(C>ij,d^x) 


X  -|_  (^1  _  —  g-lg(°h)  +  l)(l-s) 


0<n<o(/3) 

=  (!-«-•) 

0<n<o(£) 

When  f  t  7^  0  and  o(t)  >  o(/3),  we  have 


7(/?)  vol(C>£;,  dfix) 


=  1+  ^  (1  - 

0<n<o(/3) 

o{fi)<n<o{t) 

_g-l^(7^)o(/3)-(o(t)+l)^o(/3)-(o(t)+l)^(o(i)+l)(l-s) 

o(/3)(l-s) 


(1  -  9“')  E  9”““’  +  - 


0<n<o(/3)— 1 


^(s  +  l,x) 


Y 


0<n<o(£//3) 


When  f  =  0,  we  have 

h^t(g>o) 

7(/?)  vol(C>E, 


1+  ^  {I  - 

0<n<o(/3) 

+ 


o{/3)<n 


=  Y.  9"'‘"’  + 


(1-,)  ,  *V(s.x) 


0<n<o(/3)  — 1 


^(s  +  l,x) 


□ 
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Proposition  5.8.  i^|HY12t  Proposition  4.6.3]j  Assume  that  E/F  is  ramified  and  lett  G  F. 
Then  Wt{s,  fo)  =  0  unless  t  G  Op.  Assume  t  G  Op.  Recall  that  x  =  Xe/f  is  the  quadratic 
character  of  F^  associated  to  E / F . 

(1)  When  o{f)  <  o{(3),  one  has 


^t(g,0o) 
7(/3)  V0l(C>£;, 


0<n<o(i) 


In  particular,  iyt(O,0o)  =  0. 

(2)  When  o{t)  >  o{(5),  and  t  ^  0,  one  has 


Wtis,fo) 


xif3)yo\{OE,dpx) 
In  particular, 


(1  +  +  (1  -  q-^) 

0<n<o(/3)  — 1 


Wt{Q,fo) 


1-1 


(1  +  x(t//3)). 


7(/3)  vol(C>£;,  dpx) 

Moreover,  VPi(O,0o)  =  ^  if  o.'^d  only  if  =  “1?  i-^-;  does  not  represent  t. 

When  this  is  the  case. 


Hi,x)- 


VP/(O,0o) 


7(/3)  Vol(C>£;,  dyx) 
(3)  When  t  =  0,  one  has 

Wo{s,fo) 

xil3)vo\{OE,d(3x) 


OYW{t//3)  +  f  + 


I  _  gOrd^(/3) 
q{l  -  g-1)  _ 


log(g). 


|S-1 


0<n<o(/3)-l 


5.1.  Variants.  The  first  variant  is  the  case  when  ip  has  condnctor  nipp)  =  n  ^  0,  where 

ni-ip)  =  {neZ:  ^p\,,na^  =  1}. 

Let  ip'{x)  =  'ip{ax)  for  some  a  E  F  with  o{a)  =  n,  then  nlpj')  =  0,  i.e.,  ip'  is  nnramified. 
Let  pT  =  then  the  Weil  representation  ujwp,i,  =  and  =  \a\2d.tpb.  So 

Wf{s,(p)=  [  a;iy^,^(wn(6))(O)|a(wn(6))|*'0(-^&)c?7& 

J  F 

=  |a|“2  /  uw' ,'ix{^^{d)){Q)\a{wn{h))Y'ip[—a~^th)d.,j,ih 
JF 

=  |a|-^Wf(s». 

a 

Therefore,  we  have  for  every  (p  G  S{E) 

(5.9)  Wt{s,cP)  =  \a\-"^Wt{s,4>), 

a 

where  the  right  hand  side  is  with  respect  to  {Wyi,%p'). 
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The  second  variant  is  the  case  when  L  =  ti^Oe  with  quadratic  form  Q/3{x)  =  (5xx 
(assuming  -0  to  be  unramihed).  In  such  a  case,  let  L  =  Oe  with  quadratic  form  Qp{x)  = 
(3 XX  and  (3  =  7i^(3.  Then 

(L,g^)  =  (L,g^), 

and 

Wt{s,<P,)  =  Wt{s,<P^) 

with  (j)^  =  Char(/i  +  L)  and  0^  =  Char(/i  +  Oe)- 

6.  Appendix  B:  Computation  Data 

Theorem  11.41  can  easily  be  used  to  calculate  the  norm  N(A(^3A^)  —  to 

sign  ±1.  Here  are  some  examples  with  r*  = 

Table  7.  di  =  5  (mod  8),  ^2  =  5  (mod  8) 


di 

(^2 

N(A(ri)  -  A(r2)) 

di 

(^2 

N(A(rO  -  A(r2)) 

-3 

-11 

2^4 

-11 

-19 

ww 

-3 

-19 

2^^3“ 

-11 

-35 

WWW 

-3 

-35 

-19 

-35 

2yH9‘'3lMl« 

Table  8.  di  =  5  (mod  8),  (i2  =  0,4  (mod  8) 


di 

(^2 

N(A(ri)  -  A(r2)) 

di 

1^2 

N(A(ri)  -  A(r2)) 

-3 

-4 

3 

-19 

-4 

WW 

-3 

-8 

5^ 

-19 

-9 

WWW 

-3 

-20 

WW 

-19 

-20 

2^^l9®3l^4P 

-11 

-4 

WJ 

-19 

-24 

3^H3^89H13^ 

-11 

-8 

7^13^ 

-35 

-4 

7H9^31^ 

-11 

-20 

uWWW 

-35 

-8 

5*^7^23^61^ 

-11 

-24 

wwww 

-35 

-24 

19^23^37^1^3^67^89^ 
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Table  9.  di  =  l  (mod  8),  d2  =  5  (mod  8) 


di 

^2 

N(A(ri)  -  A(r2)) 

di 

d2 

N(A(ri)  -  A(r2)) 

-7 

-3 

3^P 

-23 

-11 

-7 

-11 

7wrpi9^ 

-23 

-19 

19^37^53^67^79^89^97R03R07R09^ 

-7 

-19 

3iR3^31^ 

-23 

-35 

5i«7iR9«23^37M3453467R8lR99^ 

-15 

-11 

-31 

-3 

3«1P17^23^ 

-15 

-19 

3^R3^29M1^59^71^ 

-31 

-11 

TT^WTt^WWWWM^ 

-23 

-3 

-31 

-19 

34013^29437^27^ 

Table  10.  di  =  l  (mod  8),  d2  =  0,4  (mod  8) 


di 

(^2 

N(A(ri)-A(r2)) 

di 

(^2 

N(A(r0  -  A(r2)) 

-7 

-4 

-23 

-8 

2^5^7^23 

-7 

-8 

2^F7 

-23 

-20 

21^5*^11R7R9^53^ 

-7 

-20 

2^5WT7^ 

-23 

-24 

-7 

-24 

2^3Wl9^ 

-31 

-4 

2^3^11^ 

-15 

-4 

2^3772 

-31 

-8 

2*^13^23^29^31 

-15 

-8 

2^5^7W 

-31 

-20 

21^X14^34^7237^53273^ 

-23 

-4 

PPTP 

-31 

-24 

212312x34x74432612 

Table  11.  di  =  l  (mod  8),  d2  =  l  (mod  8) 


di 

d2 

N(A(ri)  -  A(r2)) 

di 

d2 

N(A(ri)  -  A(r2)) 

-7 

-15 

2^**3^5^ 

-15 

-23 

2®5^7^TI^ 

-7 

-23 

2^15^7^ 

-15 

-31 

248312112x34292 

-7 

-31 

2^43^^13^ 

-23 

-31 

2721110170372432 

Table  Eland  Theorem  11.4111  suggest  that  N(A(^i^^^^)  —  is  a  sixth  power  (up 

to  sign),  which  can  be  rephrased  as  the  following  conjecture. 

Conjecture  6.1.  Assume  di  =  d2  =  5  (mod  8).  For  each  t  =  g  Op,  let  be  the 

unique  prime  ideal  of  F  above  2  with  2  E  pt- 

pE/F{tpT^) 

t=  £Op ,  ord2  (m?—D)  odd 

\m\<\/l0,m=—l  (mod  4) 

is  a  multiple  of  3. 
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